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Preface

In this thesis, we study the second-order cone complementarity problem, SOCCP for short. This
problem is to find a solution satisfying a system of equations and a complementarity condition
defined on the Cartesian product of second-order cones, simultaneously

Classical complementarity problems, such as linear complementarity problems, nonlinear com-
plementarity problems, and mixed complementarity problems, are defined on the nonnegative or-
thant, and have been studied extensively so far. For linear complementarity problems, Lemke’s
method was proposed in the 1960’s as an approach to solve convex quadratic programming prob-
lems. For nonlinear complementarity problems, studies on the nonsmooth reformulation approach
flourished in the 1990’s, in which Fischer-Burmeister function or the min function were employed
to construct an equivalent system of nonsmooth equations.

On the other hand, studies for SOCCPs have begun only recently. For example, Fukushima, Luo
and Tseng introduced a scheme of analyzing SOCCPs by using Jordan algebra. It requires, however,
quite different analysis from the classical complementarity problems since the Jordan product
is not associative in general. Hence, many problems remain unsolved, and efficient algorithms
have yet to be developed. Meanwhile, the SOCCP has a big potential of applications. Although
efficient algorithms based on interior point methods have been developed for linear second-order
cone programming problems (linear SOCPs), studies on algorithms for solving nonlinear SOCPs
are scarce. Since the Karush-Kuhn-Tucker conditions for an SOCP take the form of SOCCP, we
may apply algorithms for SOCCPs to solve SOCPs. In addition, there are many applications that
are peculiar to SOCCP. For example, the robust Nash equilibrium problem to be studied in this
thesis is one of such applications.

The main contribution of this thesis is to propose efficient algorithms for solving SOCCP. We
propose two different types of algorithms. One is based on Newton’s method in which smoothing
and regularization methods are combined. This algorithm enjoys a very nice convergence property
under mild conditions. The other algorithm is based on the matrix splitting method for linear com-
plementarity problems, which is particularly effective for large-scale problems with sparse matrices.
The practical efficiency of both algorithms are confirmed by means of numerical experiments.

Another contribution is to define a new concept for a non-cooperative game with incomplete
information. This concept is called the robust Nash equilibrium, which is defined when each player
determines a strategy by presuming the uncertainty of information. Moreover, we show that the

problem of finding such an equilibrium reduces to SOCCP under appropriate assumptions.
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It is not long since the studies on SOCCP has begun, and much possibility may be hidden.
The author hopes that the thesis will be helpful for further studies on SOCCPs and other related

problems.

Shunsuke Hayashi
December 2004



Acknowledgment

First of all, I would like to express my sincere appreciation to Professor Masao Fukushima of Kyoto
University, who supervised me throughout my master’s and doctoral course. Although I may have
often troubled him, he kindly supported me, read my draft manuscripts carefully, and gave me
precise and detailed advices. Moreover, he often spared his precious time for me to answer my
trivial questions. His eager and earnest attitude to the studies was respectable and incentive. I
would like to bear such a spirit in my mind, and make effort to improve my skill of research in the
future.

I would also like to express my gratitude to Assistant Professor Nobuo Yamashita of Kyoto
University. He suggested some ideas that led to some results shown in this thesis. When I could
not make progress of my study, he gave me valuable hints to help me. Also, when he stayed in
Canada for a year, he gave me plenty of kind advices by E-mail.

I would also like to tender my acknowledgments to Professor Tetsuya Takine of Osaka University.
When he was an associate professor of Kyoto University, he gave me a lot of comments at seminars
in the laboratory. Owing to his advices from the different realm, I could see my study not only
from my own major but also from other various viewpoints.

I would like to thank all the present members, OBs and OGs of Fukushima Laboratory. It was
my pleasure to have belonged to the laboratory with homely atmosphere and cheerful members.
When 1 joined this laboratory five years ago, my seniors and contemporaries helped me to get
acclimatized to the environment. Recently, my juniors have often helped me with various affairs
and activities. I will never forget pleasant memories with them such as amusements, parties,
recreations, travels, etc.

Finally, I would like to dedicate this thesis to my parents with my appreciation for their gratu-

itous and affectionate supports.






Contents

Preface v
Acknowledgment vii
List of Tables xi
1 Introduction 1
1.1 Second-order cone complementarity problem . . . . . . . ... ... ... ... 1
1.2 Overview of the thesis . . . . . . . . . . 3

2 Preliminaries 5
2.1 Notations . . . . . . . 5
2.2 Background . . . . .. Lo 6
2.2.1 Subdifferential and semismoothness . . . . . . . . . . ... ... .. .. ... 7

2.2.2 Convexity and monotonicity . . . . . . . .. ..o oo 8

2.2.3 Jordan algebra associated with SOCs . . . . .. . ... ... ... .. .... 10

2.3 Existence and uniqueness of solution . . . . . . .. ... L oo 13
2.4 SOCCP-functions and nonsmooth reformulation. . . . . . . . . . . . ... ... ... 16

3 A combined smoothing and regularization method for monotone second-order

cone complementarity problems 19
3.1 Introduction . . . . . . . . .. 19
3.2 Merit function . . . . . . .. e 20
3.3 Smoothing and regularization . . . . . . .. ... L o oo 21
3.3.1 Smoothing functions . . . . . . . ... Lo 22
3.3.2 Regularization method . . . . . . . . . ... 23
3.4 Algorithm . . . . . . . L 24
3.4.1 Prototype algorithm . . . . . . .. . ... 24
3.4.2 Semismoothness and strong semismoothness . . . . . . ... ... ... .... 26
3.4.3 Jacobian consistency of the smoothing function . . . . . .. . ... ... ... 27
3.4.4 Quadratically convergent algorithm with Newton’s method . . . . ... ... 33
3.5 Numerical experiments . . . . . . . . . . .. Lo 36

3.5.1 Linear case . . . . . . .o 37



x Contents

3.5.2 Comparison with interior point method . . . . . ... ... .. ... ..... 37
3.5.3 Nonlinear case . . . . . . . . . . . . e e 38
3.6 Concluding remarks . . . . . . . .. L 40

4 A matrix splitting method for symmetric affine second-order cone complemen-

tarity problems 43
4.1 Introduction . . . . . . . .. 43
4.2 Matrix splitting method and its convergence . . . . . . . . .. .. ... 44
4.3 Block SOR method . . . . . . . . . . . . .. e 47
4.4 Solving subproblems . . . . .. .. 51
4.5 Numerical results . . . . . . . . L 57
4.6 Concluding remarks . . . . . . .. L e 60

5 Robust Nash equilibria and second-order cone complementarity problems 61
5.1 Introduction . . . . . . . . . . . e e 61
5.2 Robust Nash equilibria and its existence . . . . . . .. ... ... ... .. ...... 62
5.3 SOCCP formulation of robust Nash equilibrium . . . . . . .. ... ... ... .... 64
5.3.1 Uncertainty in the opponent’s strategy . . . . . . . . .. .. ... 65

5.3.2 Component-wise uncertainty in the cost matrices . . . . . . . . .. ... ... 66

5.3.3 Column/row-wise uncertainty in the cost matrices . . . . . . ... ... ... 67

5.3.4  General uncertainty in the cost matrices . . . . . . . .. ..o 69

5.4 Numerical examples of robust Nash equilibria . . . . . . . ... ... ... ... ... 71
5.4.1 Uncertainty in opponent’s strategy . . . . . . . . .. ..o 71

5.4.2 Uncertainty in cost matrices . . . . . . . . . . . . ... oo 72

5.5 Concluding remarks . . . . . . . .. L Lo 72

6 Conclusion 75
A Level-boundedness of the merit function and its smoothing function 77
B Alternative proof of Theorem 3.4.1 79
C Detailed proof of Proposition 3.4.2 83
D Proof of Proposition 3.4.3 87
E Well-definedness of Algorithm 3.4.2 91

F A sufficient condition for the solvability of linear SOCCP 93



List of Tables

3.1
3.2
3.3
3.4

4.1
4.2
4.3
4.4

5.1
5.2
5.3

Results for linear SOCCPs of various problem sizes . . . . . . .. .. .. ... .... 38
Results for linear SOCCPs with various degrees of rank deficiency . . . .. .. ... 39
Comparison of Algorithm 3.4.2 and the interior point method on linear SOCPs . . . 39
Results for nonlinear SOCCPs with various choices of (9,7) . . . ... ... ... .. 40
Results for Procedure 4.4.1 applied to SOCCPs (4.4.1) of various problem sizes . . . 58
Results for Procedure 4.4.1 applied to SOCCPs (4.4.1) with various degrees of sparsity 58

Results for Algorithm 4.2.1 applied to SOCCPs (4.1.1) with various choices of (w,7vy) 59
Results for Algorithm 4.2.1 applied to SOCCPs (4.1.1) with various Cartesian struc-

tures of KO . . . L L L 60
Robust Nash equilibria for various values of py and p, . . . . . ... ... ... ... 73
Robust Nash equilibria for various values of p4 and pp (cost matrices A; and By) . 73

Robust Nash equilibria for various values of p4 and pp (cost matrices Ay and Bs) . 73






Chapter 1

Introduction

1.1 Second-order cone complementarity problem

In the realm of mathematical programming, there have been a large number of studies on comple-
mentarity problems. The linear complementarity problem (LCP)[9, 10, 24, 48, 61, 67, 86, 87] is
the most fundamental class of complementarity problems, of which concentrated studies began in
the 1960’s for solving convex quadratic programming problems [23, 27]. Thereafter, Nash equilib-
rium problem for the bimatrix game was formulated as an LCP, and some efficient algorithms like
Lemke’s method has been proposed [73, 74].

The nonlinear complementarity problem (NCP)[11, 26, 70, 111, 118] is the problem where
the linear function in LCP is replaced by a nonlinear function. Many practical problems such
as traffic equilibrium problems [35, 41, 42, 44, 62, 72], spatial equilibrium problems [21, 94], and
nonlinear Nash equilibrium problems [38, 45, 88, 89, 122] reduce to NCP. In the 1990’s, studies
for solving NCP made significant progress. Especially, the nonsmooth reformulation approach
was one of the main research streams, which is to reformulate NCP into a system of nonsmooth
equations by using Fischer-Burmeister function or the min function [36, 37, 106, 110], and to solve
the nonsmooth equation by the generalized Newton methods [64, 68, 96, 98] or the smoothing
Newton methods [12, 16, 69, 75, 99, 100]. Thanks to such innovative studies, a lot of results for
NCP have been obtained.

Recently, the complementarity problem on second-order cones (SOCs) has attracted much at-
tention. This problem is called the second-order cone complementarity problem (SOCCP)[15, 19,
43, 57, 92], which is to find a triple (z,y,¢) € R" x R"™ x R such that

reK, yek, 2Ty=0, F(z,y,{) =0, (1.1.1)

where F': ®" x " x ¥ — R x R” is a continuously differentiable mapping, and K C R" is the
Cartesian product of second-order cones, that is, L = K™ x ™2 x - .- x K" withn =ni;+---+nm,

and the n;-dimensional second-order cone K™ C R™ defined by
ko= {1, 23)T € Rx R Yzl < 21}

SOCCEP is a wide class of problems containing NCP and second-order cone programming prob-
lem (SOCP) [2, 76, 82, 85, 112]. For a given function f : R" — R™ NCP is to find a vector z € R"



2 Chapter 1 Introduction

such that
x>0, f(x)>0, 2L f(z)=0. (1.1.2)

It can be easily seen that NCP (1.1.2) is equivalent to SOCCP (1.1.1) withny =ng =--- =n,, =1
and F(x,y,() = f(x) — y since K! is the set of nonnegative reals. On the other hand, SOCP is

written as

minimize 6(z)

subject to ~y(z) € K, (1.1.3)

where 0 : R” — R and v : R” — R” are continuously differentiable functions. The KKT conditions
for SOCP (1.1.3) are given as

AeEK, v(z) e K, Ny(z) =0, VO(z) + Vy(2)A=0 (1.1.4)

with the Lagrange multiplier A € R™. By setting x := A\, y := u, ( := 2, and

_ n—(z)
FQopz) = (VG(Z)—FVv(z))\)’

the KKT conditions (1.1.4) reduces to SOCCP (1.1.1).

Let 8™ be a set of n X n matrices, and F : " x 8" x B — S™ x R” be a given function.
Then, the semidefinite complementarity problem (SDCP) [49, 50, 71, 104, 120] is to find a triple
(X,Y,() € " x 8™ x R¥ such that

X>0, Y=0, XeY =0, F(X,Y,¢) =0,

where X > 0 means the positive semidefiniteness of X and the operator e denotes the inner
product associated with matrices, i.e., X oY := trace(X7Y). The KKT conditions for a semidefinite
programing problem (SDP) [1, 28, 108, 115, 116, 117] can be written in the form of SDCP. Moreover,
SOCCP is the special case of SDCP, which can be seen by the fact that, for z = (z1,z2) € R x R* 1

and the matrix defined by
X = I1 a;g 7
To w11

X>0<« ze k"

we have the relation

However, it is not advantageous in general to reformulate an SOCCP to an equivalent SDCP and
solve it as an SDCP, since SDCP deals with matrices, and therefore, is much more expensive
computationally than SOCCP.

For NCP, there has been much study on algorithms and applications. On the other hand, study
for SOCCP has begun recently, and hence, there are many issues to be studied. Although some
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results on SOCCP-functions and their smoothing functions are shown in [43, 19, 15], any concrete
algorithm has not been developed and many properties remain unclear. The main reason why
more problems on SOCCP remain unsolved than NCP is that SOCCP is defined on the Cartesian
product space of SOCs, which is difficult to analyze, in contrast with the fact that NCP is defined
on a nonnegative orthant. For example, Fukushima, Luo and Tseng [43] introduced a scheme for
analyzing SOCCP by using Jordan algebra, which requires quite different analysis from NCP since
the Jordan product is not associative in general.

Another motivation to study SOCCP is its possibility of wide applications. For linear SOCPs,
many efficient algorithms based on primal-dual interior point methods have been developed [76,
82, 112]. However, studies on nonlinear SOCPs are relatively scarce. Since the KKT conditions
for SOCP can be regarded as an SOCCP, we may apply algorithms for SOCCPs to solve SOCPs.
On the other hand, there are many applications that are peculiar to SOCCP. The robust Nash
equilibrium problem [58] to be studied in Chapter 5 is one of such applications. In the field of
architecture, a certain kind of equilibrium problem with frictional contact can be formulated as an
SOCCP [66]. As these instances show, SOCCP is applicable not only to the KKT conditions for
SOCP but also to many other practical problems.

1.2 Overview of the thesis

The thesis is organized as follows. In Chapter 2, we give some preliminaries. Especially, we give
some notations, basic properties, mathematical techniques and existing results that are necessary
for the later arguments. In Chapter 3, we construct an efficient algorithm for solving SOCCP, by
combining a regularization method with a smoothing method, in which the smoothing function
proposed in [43] is adopted. Moreover, we show global and quadratic convergence of the proposed
algorithm under the monotonicity assumption. In Chapter 4, we propose an algorithm effective for
large-scale SOCCPs, by extending the matrix splitting method for LCP to SOCCP. The algorithm
is based on the SOR method for LCP. However, the proposed algorithm utilizes a special techniques
for solving subproblems, of which structure is much more complicated than that of NCP. In Chapter
5, we define the concept of robust Nash equilibrium and show that the problem of finding such
equilibria can be reformulated as an SOCCP. The robust Nash equilibrium is a new concept for
the non-cooperative game, in which each player determines each strategy by taking the uncertainty
of information into consideration. More detailed overview of Chapters 3—5 will be stated in the
introduction of each chapter. In Chapter 6, we summarize the thesis and mention some future

issues.






Chapter 2
Preliminaries

In this chapter, we give some definitions and basic results that will be useful in the subsequent

chapters.

2.1 Notations

Throughout the thesis, we use the following notations. For a vector z € R", x; denotes the i-th

component, and ||z|| denotes the Euclidean norm defined by
Izl == /ot + -+

For vectors x € ®" and y € R", the inequality x > y means x; > y; for each i = 1,...,n, and the

max operator max{z,y} is defined by

max{z1, ¥y}

max{z,y} :=

max{wn, yn}

The min operator min{x, y} is defined in a similar way. For a matrix M € R"*™, M;; denotes the
i-th row and j-th column component, and ||M|| and ||M||r denote the 2-norm and the Frobenius

norm, respectively, that is,

n m
M| = HrﬁfggHMUH and [|M][p:= | > D (Mij)?
= i=1j=1

Furthermore, M, and M7 denote the i-th row vector and the j-th column vector, respectively. For
square matrices X and Y € R X > (»)0 denotes the positive (semi)definiteness of X, and
X = (=)Y means X —Y > (>=)0. For a nonsingular matrix X € ®" X1 .= (X" 1)T = (xT)~L
For a function f : R" x R — R, f(-,2) : " — R and f(y,-) : R — R denote the functions with

z and y, respectively, being fixed. For a differentiable real-valued function g : " — R, its gradient
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Vg(z) is defined by

dg()
8$1
Vg(z) = : :
dg()
Oz,

where 9g(x)/0x; (i = 1,...,n) denotes the partial derivative of g at x associated with its i-th

component. In addition, when g is twice differentiable, its Hessian matrix V2g(z) is defined by

0%g(x) o 9%g(x)
03}% 0x10xy,
Vig(z) = : : e R,
0%g(z) . 0?g(z)
0z, 0x1 ox2

For a differentiable vector-valued function G : R" — R™, VG(z) denotes the transposed Jacobian

matrix, that is,

VG(z) = (VGi(2),..., VGm(x))

0G4 (z) OG ()
8x1 o 8x1
= : : e R
0G4 (z) OG ()
oz, o oz,

For a set X, P(X) denotes the set consisting of all the subsets of X. We define the sets R, S"
and S by

R = {z e N |z >0},
S" = {X e RV X =X},
St = {X e R X =X, X =0},

respectively. We often denote the vector (z7,yT)T € R"T™ as (z,y) € R" x R™. However, for

n-dimensional vectors z!

..., 2™, we may regard (z!,... 2™) as an n x m matrix. In this case, we
will mention its dimension explicitly. For any positive integer n, I, € R™*™ denotes the identity
matrix, and e, € " denotes the vector of ones. B(z,¢) denotes the open sphere with center z and
radius €. For a given set S, bd S, int .S, cl.S and co S denote the boundary, the interior, the closure

and the convex hull of S, respectively.

2.2 Background

In this section, we give some definitions and mathematical background that are necessary in later
discussions. In particular, Subsections 2.2.1 and 2.2.2 are devoted to the basic properties of func-

tions, and Subsection 2.2.3 is devoted to those of second-order cones.
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2.2.1 Subdifferential and semismoothness

We first focus on the properties related to differentiation. Especially, we give some concepts which
extend the idea of differentiability to nondifferentiable functions.

As a preparation, we define local and global Lipschitzian properties.

Definition 2.2.1 Function H : R" — R™ is said to be locally Lipschitzian if, for any bounded set
QO C R", there exists k > 0 such that

[H(z) = H(y)| < klle =yl Va,ye
Moreover, if the constant k does not depend on 2, the function H is said to be globally Lipschitzian.

Any affine function is globally Lipschitzian, and most of the functions dealt with in the thesis are

locally Lipschitzian. For a counterexample, function f : ® — R defined by f(a) := 3

« is not
locally Lipschitzian. Next, we define some notions of generalized Jacobian for nonsmooth locally

Lipschitzian functions.

Definition 2.2.2 Let H : ®" — R™ be a Lipschitzian function. Then, the set-valued mappings
OpH and OH : R" — P(R"™™) defined by
OpH(w) = { lim VH (w") klim wh = w, {w*} C DH},

k—o0

O0H(w) := codpH (w)

are said to be B(ouligant) subdifferential and Clarke subdifferential of H, respectively, where Dy :=
{w € R"| H is differentiable at w} and ‘co’ stands for the convex hull. In particular, Clarke subd-

ifferential is merely called ‘subdifferential’.

For instance, when H : ® — R is defined by H(w) = |w|, we have OpH(0) = {—1,1} and
OH(0) = [—1,1]. These generalized Jacobians are natural extensions of the original Jacobian for
differentiable functions. Indeed, if H is continuously differentiable at w, then it is easily seen
OpH(w) = 0H(w) = {VH(w)}. Next, we give the definition of directional differentiability.

Definition 2.2.3 Let H : R" — R™ be a locally Lipschitzian function. Let w € R™ and d €
R™\{0}. Then, the function H is said to be directionally differentiable at w along d, if there exists
a limit H'(w;d) defined by

H'(w:d) = lim H(w + hd) — H(w)
T o h '

Moreover, H'(w;d) is said to be the directional derivative of H at w along d.

For a differentiable function, H'(w;d) is simply given by VH (w)”d.

Finally, by using the subdifferential and the directional derivative, we define semismoothness
and strong semismoothness, which play crucial role in establishing the rapid convergence of Newton-
type methods for nonsmooth functions. Especially, semismoothness is related to the superlinear

convergence and strong semismoothness is related to the quadratic convergence.
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Definition 2.2.4 A directionally differentiable and locally Lipschitzian function H : R" — R™ is

said to be semismooth at w if
Vid—H'(w;d) = o(||d]])

for any d € R™"\{0} sufficiently small and V € O0H(w + d). Moreover, if o(||d||) can be replaced by
O(||d||?), then function H is said to be strongly semismooth.

It is known that any piecewise smooth function! is semismooth[91]. Moreover, any piecewise
smooth function is strongly semismooth if all the derivatives of smooth pieces are locally Lips-

chitzian.

2.2.2 Convexity and monotonicity

In this subsection, we define the concepts of convexity and monotonicity, which play an important

role throughout the thesis. We first define the convexity for sets and real-valued functions.

Definition 2.2.5 A set S C R" is said to be convex if (1 — a)x + ay € S holds for any vectors
x,y € S and scalar o € (0,1).

Definition 2.2.6 Let X C R™ be a nonempty and convex set. Then, a function 6 : X — R is said
to be

(a) convex (on X) if (1 —a)z+ay) < (1—a)b(z)+ab(y) holds for any x,y € X and o € (0,1).

(b) strictly convex (on X) if 0((1 — @)z + ay) < (1 —a)f(x) + ab(y) holds for any x,y € X with
x#yand o € (0,1).

(c) strongly convex (on X) with modulus € > 0 if 0((1 — )z +ay) < (1—a)d(z)+ab(y) + 2e(1—
a)allz — y||? holds for any z,y € X and o € (0,1).

It is obvious that any strongly convex function is strictly convex, and any strictly convex function
is convex. For example, a linear function is convex but not strictly convex, 6(«) = e® is strictly
convex but not strongly convex, and () = o2 is strongly convex. Convexity plays a crucial role in
the field of optimization. In particular, if functions 7y, ...,vm, and 6 in the nonlinear programming

problem :
minimize 6(z) subject to v;(z) <0 (i=1,...,m)

are convex, then any local minimum of the problem is a global minimum.

Next, we define monotonicity for vector-valued mappings from a subset of R" to R".

Definition 2.2.7 Let X C R"™ be a nonempty set. Then, a function f: X — R" is said to be

'"Function H : " — R™ is said to be piecewise smooth at z if there exist € > 0 and a finite number of continuously
differentiable functions H; : B(z,e) — ®™ (i = 1,..., N) such that for any 2z’ € B(z,¢) there exists an index i such
that H(z') = H;(2'), where B(z,¢) denotes the sphere with center z and radius ¢.
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(a) monotone (on X) if (x — )T (f(x) — f(y)) > 0 holds for any z,y € X.
(b)  strictly monotone (on X) if (x — )T (f(z) — f(y)) > 0 holds for any x,y € X with x # y.

(c) strongly monotone (on X) with modulus € > 0 if (x —y)T (f(z) — f(y)) > €|z — y||* holds for
any z,y € X.

It is obvious that any strongly monotone function is strictly monotone, and strictly monotone
function is monotone. For n = 1, the monotonicity in the above sense corresponds to monotonic
nondecrease and the strict monotonicity corresponds to monotonic increase. As will be stated in
Subsection 2.3, monotonicity plays an important role in analyzing the solution set of SOCCP.

The following proposition shows the relation between convexity and monotonicity.

Proposition 2.2.1 Let X C R™ be an open convex set, and 0 : X — R be a continuously differen-

tiable function. Then,
(a) 0 is convex if and only if VO is monotone.
(b) 8 is strictly convez if and only if VO is strictly monotone.

(¢) 0 is strongly convex with modulus € > 0 if and only if VO is strongly monotone with modulus
e>0.

As the above proposition shows, there is close relation between convexity and monotonicity. More-

over, these properties also have much relevance to the positive (semi)definiteness of matrices.

Proposition 2.2.2 Let X C R" be an open conver set, and f : X — R" be a continuously
differentiable function. Then,

(a) f is monotone if and only if V f(z) is positive semidefinite for any z € X.
(b) [ is strictly monotone if V f(x) is positive definite for any xz € X.
(c) f is strongly monotone if and only if there exists € > 0 such that

ll]f]fhilrl1 eI'Vi(z)e > ¢ (2.2.1)

for any x € X.

Note that (b) does not hold when “if” is replaced by “if and only if”. For example, though a function
f: R — R defined by f(a) = o is monotonically increasing on R, Vf(a) = 3a? is not positive
when o = 0. The above two propositions directly lead to the following corollary which mentions
the relation between the convexity of a real-valued function and the positive (semi)definiteness of

its Hessian matrix.

Corollary 2.2.1 Let X C R" be an open convez set, and 0 : X — R be a twice continuously
differentiable function. Then,
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(a) O is convex if and only if V?0(x) is positive semidefinite for any x € X.
(b) 0 is strictly convex if V20(z) is positive definite for any x € X.
(c) 0 is strongly convez if and only if there exists € > 0 such that

”IIﬁiEll e'V20(x)e > ¢ (2.2.2)

forany x € X.

In addition, we easily obtain the following corollary on monotonicity of affine functions and con-

vexity of quadratic functions.

Corollary 2.2.2 Let M € R™*™ and q € R" be a given matriz and a vector, respectively. Let
f:R"— R and 6 : R — R be defined by f(x) = Mx+ q and 0(x) = %xTMa: + ¢Tx, respectively.

Then, we have
(a) M is positive semidefinite <= f is monotone <= 0 is conver,
(b) M is positive definite <= f is strongly monotone <= 0 is strongly convez.

This corollary implies that the strong monotonicity is equivalent to the strict monotonicity for
affine functions, and that the strong convexity is equivalent to the strict convexity for quadratic

functions.

2.2.3 Jordan algebra associated with SOCs

In this subsection, we introduce Jordan algebra, which provides a useful methodology of dealing
with SOCs. Although Jordan algebra originally targets on not only SOCs but also general sets in
Euclidean space, we restrict ourselves to Jordan algebra associated with SOCs. For more detail,
see [34, 43].

For two n-dimensional vectors x = (z1,22) € ® x R"~! and y = (y1,72) € R x R"~!, Jordan
product is defined by

oy = (ﬂnya 1Y + Y122).

Note that Jordan product generates an n-dimensional vector from two n-dimensional vectors. This
is one of the main differences from inner product, which generates a scalar. For convenience, we

denote x o z by 22, and define the vector e by

e = (1,0,...,0).
Then, Jordan product enjoys the following properties.
Property 2.2.1 For any x, y, z € R", we have

(a) eox=u,
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() zoy=your
() (z+yloz=z0oz+yoz,
(d) zo(x?o0y) =120 (zoy).

(a) implies vector e plays the role of identity. (b) and (c¢) imply commutativity and distributivity,
respectively. (d) is a certain kind of commutativity, which is useful in identifying the Jordan
product. Indeed, (b) and (d) are the original axioms of Jordan algebra. Although Jordan product
can be regarded as the multiplication, associativity does not hold, i.e., z o (yoz) # (zoy) oz in
general. On the other hand, associativity holds under the inner product in the sense that

( T(zoy).

zl(yoz) =yl (z02) =2

When x € K™, the square root can be defined by

x
a2 = (s, 22) , where s= \/(wl +y/at - ||£v2|!2> /2.

By an easy calculation, it can be verified that z = 2%/2 o 2%/2 and z'/2 € K". The following

proposition shows another expression of SOC complementarity.
Proposition 2.2.3 For any (z,y) € R x R™, the following relation holds :
rekK®, yek® 2Ty=0 < zecKk", yek” zoy=0.
From this proposition, SOCCP (1.1.1) can be rewritten equivalently as
re, yek, roxy=0, F(z,y,{) =0,

where the operator ox denotes the Jordan product for the Cartesian product I = K™ x --- x K"'m
given by zoxy = (zloyl,... 2™oy™) withx = (z,...,2™)andy = (y,...,y™) € R x- .. xR"m,

Next we define spectral factorization, which is one of the basic concepts in Jordan algebra.
For any vector z = (21,29) € ® x R*~! (n > 2), its spectral factorization with respect to the

second-order cone K" is defined as
z = Ault + Auf? (2.2.3)
where A1 and A9 are the spectral values given by
Nio=z1 4+ (D)2, i=1,2, (2.2.4)

and u!t and {2} are the spectral vectors given by

1 i *2
u{z} _ 5 (17 (_1) ”22H> (22 7& 0)7

S (1)) (= 0),

i=1,2, (2.2.5)
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with w € R"~! such that ||w|| = 1. The spectral vectors u{'} and u{? are obtained as the directional
vectors of two half lines derived from the intersection of bd ™ and €2, where  is the 2-dimensional
subspace spanned by two vectors z and e. Hence, the spectral factorization can be regarded as
the linear factorization in 2-dimensional subspace Q with bases u{!} and u{#}. We note that the

spectral values and vectors possess the following properties.

Property 2.2.2 Let \; and )\ be the spectral values of z, and u'™ and ut?} be the spectral vectors
of z. Then the following properties hold.

(a) uloult =0, [ul]|=|lul|=1/v2
(C) M<, AM>0<« zeK"

In the above properties, (a) indicates that !t and w2} play a role like orthonormal bases.
Let g be a function from R to R. Then, we define a vector-valued function g : ®* — R

associated with g by
9(2) = g)ul + go)u?, (2.2.6)
where z is expressed as (2.2.3). From (a) and (b) of Property 2.2.2, we obtain
22 = /\%u{l} + /\gu{Q},
which leads us the following proposition.

Proposition 2.2.4 Suppose that § : R" — R™ can be written in a power series expansion, i.e.,

gla) = 202y aga® with real coefficients ag, ay, ... Then the function g defined by (2.2.6) is written

as
oo
g9(z) = Z apz,
k=0
where 2 denotes k power of z by Jordan product and z° equals e = (1,0,...,0).

By this proposition, exp(z), In(z), sin(z) and sinh(z) can be defined by using power series expansion
for scalar-valued functions. On the other hand, the square root z/2 and the projection Py onto

o
K™, i.e.,

Prn(z) := argmin ||z — 2|, (2.2.7)
Z'ekn

can be expressed explicitly by using the spectral factorization as follows:

22 = Attt 4V agut?
Picn(z) = max{0, \; }ut't + max{0, Ay }ui?. (2.2.8)
The following proposition, which was first proved by Chen, Chen and Tseng [15] and alterna-

tively proved by Chen [14], asserts that the vector-valued function g : R™ — R" inherits several

properties from the scalar-valued function g.
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Proposition 2.2.5 Let g : ® — R be a given scalar-valued function, and g be defined by (2.2.6).
Then, the following statements hold.

(a) g is continuous at x € R with spectral values A1 and Ao if and only if § is continuous at A\
and As.

(b) g is directionally differentiable at x € R™ with spectral values N\ and o if and only if § is
directionally differentiable at A1 and As.

(c) g is differentiable at x € R with spectral values A1 and A2 if and only if g is differentiable at
)\1 and /\2.

(d) g is continuously differentiable at x € R™ with spectral values A1 and A2 if and only if g is

continuously differentiable at A1 and As.

(e) g is globally Lipschitzian with modulus k if and only if § is globally Lipschitzian with modulus

K.

(f) g is semismooth at x € R™ with spectral values A1 and Xy if and only if § is semismooth at
)\1 and )\2.

(g) g is strongly semismooth at x € R™ with spectral values \y and X\ if and only if § is strongly

semismooth at A1 and \a.

2.3 Existence and uniqueness of solution

The purpose of this section is to give sufficient conditions for the existence and the uniqueness of a
solution to SOCCP. To this end, we introduce a class of problems called the variational inequality
problem, and discuss the feature of its solution set.

For a continuous function f : " — R™ and a closed convex set S C R", the variational
inequality problem (VI) [8, 25, 33, 39, 40, 52, 107] is to find a vector z € S such that

f)1( —2) >0, V/es. (2.3.1)

VI is a very large class of problems containing systems of equations, convex programming prob-
lems, and complementarity problems. In particular, when S = ", VI(2.3.1) is equivalent to the

equation :
f(z) = o.
For a continuously differentiable convex function 6 : R” — R such that
f(z) =Vél(z) VzeR",
VI(2.3.1) is equivalent to the constrained minimization problem :

minimize 6(z) subject to z € S. (2.3.2)
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If S is a closed convex cone such that —S N S = {0}, then VI(2.3.1) can be rewritten as the

complementarity problem [33], which is to find a vector z € R" such that
z€8, f(z)es*, 2Tf(z)=0, (2.3.3)
where S* is the dual cone of S defined by
S* = {x‘:z:TyZO, VyGS}.

A cone S satisfying S = S* is called self-dual. For example, the nonnegative cone R}, the second-
order cone K", and the semidefinite cone S% are self-dual. Moreover, the Cartesian product of
self-dual cones is also self-dual. Thus, VI(2.3.1) with S = R7} is NCP (1.1.2), and VI(2.3.1) with
S = K is the special SOCCP of finding vectors (z,y) € R™ x R" such that

reK, yek, zTy=0, flz)—y=0. (2.3.4)

Furthermore, by setting

Z = (xayvg)a f(Z) = <F(33yy C)>, S:K:X%RX%V,

VI(2.3.1) reduces to the original SOCCP (1.1.1).

As we mentioned above, VI contains many classes of problems with various functions f and
sets S. On the other hand, it is difficult to solve VI (2.3.1) itself in general, and therefore, we have
to restrict ourselves to special S like the nonnegative cone R’} and the second-order cone K. But,
even if S is a general closed convex set, it is possible to discuss the solvability of VI. The result for
VI can be applied to SOCCP directly, since SOCCP is a subclass of VI.

Next, we discuss the feature of the solution set to VI(2.3.1). We first give the following propo-

sition.

Proposition 2.3.1 Let f: R" — R" be a continuous function, and S C R™ be a nonempty closed
convez set. If S is bounded, then VI(2.3.1) has at least one solution.

This proposition guarantees the solvability of VI under the boundedness assumption on S. However,
in the case of SOCCP, the set S is obviously unbounded since it is a cone. In order to consider the

solvability of VI with an unbounded set, we introduce the following property for function f.

Definition 2.3.1 Let f: R" — R™. Suppose that S is an unbounded set. Then, the function f is

said to be coercive on S if there exists 20 € S such that

T( _ 0
@)
llzl|—o0 Izl
z€S
The following proposition shows the existence of a solution under the coerciveness of f.

Proposition 2.3.2 Let f: R" — R" be a continuous function, and S C R™ be a nonempty closed

convex set. If f is coercive on S, then VI(2.3.1) has at least one solution.
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Next we discuss the convexity and singleton property of the solution set. Recall that VI (2.3.1)
is equivalent to the minimization problem (2.3.2) if f(x) = V6(x) for all z. Moreover, from
Proposition 2.2.1, the gradient mapping V6 is monotone if # is convex. Hence, it can be expected
that a similar result holds between the solution set of a minimization problem with a convex
objective function and that of VI with a monotone function. The following proposition indicates

the validity of this expectation.

Proposition 2.3.3 Let f: R" — R" be a continuous function, and S C R™ be a nonempty closed

convex set. Then,

(a) the solution set of VI(2.3.1) is convex (possibly empty) if f is monotone on S.
(b) VI(2.3.1) has at most one solution if f is strictly monotone on S.

(¢c) VI(2.3.1) has a unique solution if f is strongly monotone on S.

We emphasize that neither (a) nor (b) guarantees the existence of solution, though (c) guarantees
the existence. Indeed, it is easily seen that any strongly monotone function is coercive. The above

discussions readily yield the following corollary on the existence and uniqueness of a solution to
SOCCP.

Corollary 2.3.1 Let f:R"™ — R" be a continuous function. Then,
(a) SOCCP(2.3.4) has at least one solution if f is coercive on K.

(b) the solution set of SOCCP(2.3.4) is closed and convex (possibly empty) if f is monotone on
K.

(¢) SOCCP(2.3.4) has at most one solution if f is strictly monotone on K.

(d) SOCCP(2.3.4) has a unique solution if f is strongly monotone on K.
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2.4 SOCCP-functions and nonsmooth reformulation

In this section, we introduce an SOCCP-function, which is useful in reformulating SOCCP into an
equivalent system of equations. A function ¢ : R x " — R" satisfying the following condition is
called an SOCCP-function :

p(z,y) =0 <= r € K", ye K", 2Ty = 0. (2.4.1)

It is important to consider such functions to construct an algorithm for solving SOCCP.
Several SOCCP-functions can be defined by using Jordan algebra. Recall that the projection

of vector z onto K™ can be written explicitly as
Picn(2) = max{0, \; }ul't + max{0, Ay }ui?,

where A\; and A are the spectral values and u{! and u{?} are the spectral vectors of z, which are
given by (2.2.4) and (2.2.5), respectively. By using the above formula, the natural residual, which
serves as an SOCCP-function and will be used in Chapter 3, is defined by

Oxp (@, y) = — Pien(x — y).

Originally, the natural residual is proposed for VI(2.3.1), which is given by ¢, () = © — Pg(x —
f(x)). For a general closed convex set S, the projection Pg cannot be expressed explicitly. However,
in the case of SOCCP, the projection can be expressed explicitly by using Jordan algebra. For NCP,
the projection is given by Prn (x —y) = max{0,z — y}, and hence, the natural residual is calculated

as

QDNR(CL',:U) =T — maX{O,x - y}

= min{z, y}.

Actually, the natural residual for NCP is called the min function.
Chen, Sun and Sun [19] proposed a penalized natural residual, in which a penalty term is added

to the natural residual. This function is defined by

Oonp (T,Y) = 2 — Pn (2 — y) + Pn(x) 0 Pen(y),

which also serve as a SOCCP-function. Chen, Sun and Sun [19] have proved that function ¢ defined
by ¥(z) = || g (7, f(x))]| is level-bounded? under monotonicity assumption on f. This result is
due to the added penalty term Pin(x) o Pen(y). Indeed, the level-boundedness is a fundamental
property in establishing the global convergence of an algorithm.

Next we give another SOCCP-function by using the square and the square root in Jordan

algebra. The following function is called Fischer-Burmeister function :

2 2\1/2
Pp(z,y) = (2 +y)/ T =Y.
*Function 9 : R" — R is said to be level-bounded if the level set Lo, := {z |1 (z) < } is bounded for any o € .
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This function also satisfies (2.4.1). In addition, Fischer-Burmeister function is nondifferentiable
only at the origin (0,0), while the natural residual is nondifferentiable at every point (z,y) such

that x — y € bd K". Note that, when n = 1, Fischer-Burmeister function is given by

@FB(aaﬁ> = \/ 042+ﬁ2—04—ﬂ,

which is the well-known Fischer-Burmeister function for NCP.
By using an arbitrary SOCCP-function ¢, SOCCP (1.1.1) can be reformulated into a system of
equations. Actually, let function H : R?"+ — R27+¥ be defined by

platyh)
H(w) = : , (2.4.2)
e(@™,y™)
F(z,y,¢)
where w := (x,9,() and z = (z',...,2™),y = (y',...,y™) € R™ x---xR", Then, SOCCP (1.1.1)

reduces to the equation:
H(w) = 0. (2.4.3)
If the SOCCP-function ¢ is continuously differentiable, then Newton’s method with the direction
d* = —VH(w"*)"TH(w")

is applicable. However, all SOCCP-functions proposed so far are nondifferentiable, and hence,
the conventional Newton’s method cannot be applied. In order to solve a nonsmooth equation, we
should adopt special techniques such as the generalized Newton method and the smoothing Newton
method.

The generalized Newton method was first proposed by Qi and Sun [98], in which the following

iteration was employed :

Wbt = b — VITH (W), Vi, € 0H (w"). (2.4.4)

If H is differentiable at w®, then the iteration (2.4.4) is the same as that of Newton’s method. Qi

and Sun [98] showed that, if function H is semismooth at the solution w* of equation (2.4.3) and

every element of OH (w*) is nonsingular, then the sequence generated by (2.4.4) converges to w*

superlinearly. We note that, since all the aforementioned SOCCP-functions are semismooth [57,
19, 15], function H defined by (2.4.2) is semismooth everywhere.

For the rapid convergence of the above-mentioned method, every element of 0H (w*) needs to

be nonsingular. Since this demand is rather strict in practical, Qi [96] proposed another generalized

Newton method with the iteration:

Wkt = Wb Vo TH WY, Vi, € dgH(w"), (2.4.5)

where Clarke subdifferential in (2.4.4) is replaced by B-subdifferential. Qi[96] showed that the

above generalized Newton method is superlinearly convergent if H is semismooth at the solution
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w* and every element of dpH (w*) is nonsingular. Note that the nonsingularity assumption of
OpH(w*) is much weaker than that of 0H(w*). For example, when H : ® — R is given by
H(w) = |w|, 0 does not belong to dpH(0) = {—1,1} though it belongs to 0H(0) = [—1,1].

The smoothing Newton method is a Newton-type method in which a smooth approximating
function is used instead of the nonsmooth function. For a nonsmooth function A : £ — R™, a
function h,, : R" — R with a parameter ;o > 0 is called a smoothing function, if h,, is differentiable
for any ¢ > 0 and lim, g hy(x) = h(z) for any o € R". Let ¢, be a smoothing function of
an SOCCP-function ¢. Actually, concrete smoothing functions for the natural residual ¢, and

Fischer-Burmeister function ¢, are proposed in [43]. Then, the parameterized function H, :
P2V B2V defined by

QOH(.'EI, yl)

H,(w) =
p(w) (& 4™
F(z,y,Q)

serves as a smoothing function of H defined by (2.4.2). In the smoothing Newton method, we solve

a system of smoothed equations
H,(w) =0 (2.4.6)

to obtain its solution w,,, hoping that w, converges to a solution of the original problem (2.4.2) by
letting 1 | 0. In order to solve the smoothed subproblem (2.4.6), it is natural to adopt the ordinary

Newton iteration
d¥ = —VH,(w*)"TH,(w").
It is also possible to use the modified Newton direction
d¥ = —VH,(w*)"TH(w"), (2.4.7)

where the smoothing function appears only in the Jacobian. The latter method may generate a
sequence that eventually converges to a solution of the original problem (2.4.2) as p | 0. It is
generally more difficult to discuss the convergence property of the smoothing Newton method than
the generalized Newton method. In practice, the convergence behavior largely depends on the

employed smoothing function.



Chapter 3

A combined smoothing and
regularization method for monotone
second-order cone complementarity

problems

3.1 Introduction

In this chapter, we focus on the special SOCCP: Find (z,y) € R" x R" such that
rek, yek, 2Ty=0, y= f(z), (3.1.1)

where f is a continuously differentiable mapping from "™ to R™. This SOCCP may seem rather
restrictive. However, the KKT conditions for any SOCP with continuously differentiable functions
can be written in the form of SOCCP (3.1.1). For more detail, see Section 2.6.

Recently, a number of methods for solving SOCCP have been proposed. For SOCP including
affine functions, primal-dual interior-point methods [76, 82, 112] are shown to be effective. For
SOCCP, Fukushima, Luo and Tseng [43], Chen, Sun and Sun [19], and Chen, Chen and Tseng [15]
studied smoothing and nonsmooth approaches. Especially, Fukushima, Luo and Tseng [43] showed
that the min function and the Fischer-Burmeister function for the NCP can be extended to the
SOCCP by means of Jordan algebra. Furthermore, they constructed smoothing functions for those
functions and analyzed the properties of their Jacobians.

In this chapter, we introduce not only smoothing methods but also regularization methods for
SOCCPs. Smoothing methods have effectively been adopted to deal with nondifferentiable reformu-
lations of complementarity problems [13, 16, 17, 69, 95, 97, 101, 119]. On the other hand, regulariza-
tion methods have provided a fundamental tool to deal with ill-posed problems [4, 30, 32, 95, 105].
By combining these methods, we develop a hybrid algorithm for solving monotone SOCCPs. More-
over, we show conditions for the algorithm to be globally and quadratically convergent. Particularly,
we highlight the two properties called strong semismoothness and Jacobian consistency, which play

a crucial role in establishing quadratic convergence of the algorithm.
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This chapter is organized as follows. In Section 3.2, we construct a merit function by means
of the natural residual for the SOCCP. In Section 3.3, we introduce smoothing and regularization
methods, which smoothen the natural residual and weaken the condition for the merit function to be
level-bounded. In Section 3.4, we propose a prototype algorithm for solving the SOCCP and show
that it has global convergence when applied to monotone SOCCPs. Moreover, by incorporating
Newton’s method, we construct a concrete algorithm and establish quadratic convergence. In
Section 3.5, we present some numerical results with the latter algorithm. In Section 3.6, we conclude

this chapter with some remarks.

3.2 Merit function

We consider the unconstrained optimization reformulation of SOCCP (3.1.1):
Minimize ¥(z,y),

where W is a real-valued function on ™ x R™. The objective function W is called a merit function
for SOCCP (3.1.1). In order to construct a merit function for SOCCP (3.1.1), it is convenient to

introduce a function @ : ®" x "* — R" satisfying
O(z,y) =0 < ze€k, yek, 2Ty=0. (3.2.1)

By using such a function, we define H : R x R" — R?" by
@(z,y)
H(x,y) := .
w9 (f(x) - y>

It is obvious that SOCCP (3.1.1) is equivalent to the equation H(z,y) = 0. Moreover, we define
function ¥ : R x R* — R by

W(wy) = I H@ I = 510 + 515 -yl (32:2)

Then, it is easy to see that W(x,y) > 0 for any (z,y) € R x R”, and that ¥(z,y) = 0 if and only
if (x,y) is a solution of SOCCP (3.1.1). Therefore, the function ¥ defined by (3.2.2) can serve as a
merit function for SOCCP (3.1.1).

Note that the complementarity condition on K = K™ x --- x K™ can be decomposed into

complementarity conditions on each K™, that is,
zel,yekK,zly=0 <= 2z e K",y e K™, ()yi=0 (i=1,...,m), (3.2.3)

where z = (2',...,2™) € R™ x --- x R and y = (y*,...,y™) € R™ x --- x R, This fact

naturally leads us to construct a function ® satisfying (3.2.1) as

o (=, yt)
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where ¢ : R x R — R is a function satisfying
P aty) =0 <= 2te ki, yt e K, (z9)Ty' =0 (3.2.4)

for each @ = 1,...,m. Fukushima, Luo and Tseng[43] showed that (3.2.4) holds for the natural
restdual function goli\]R R x RV — R defined by

Pl (@' y') = ' = Peni (2 — "), (3.2.5)
Using this function, we define function ®, : ®" x " — R" by

ot (atyh)
Pz, y) = :

m m)

e (™, y

and H, : R" x " — R2" by

flz) -y

Then, we can construct a merit function ¥, : R" x " — R for SOCCP (3.1.1) as

Hy(@.y) = (%@,y)).

Ve (2,9) = IIH > =5 Z||<PNR yOI? + *Ilf(ﬂf)—yHQ-

In what follows, we write ¢, for QD;R for simplicity of notation.

3.3 Smoothing and regularization

In the previous section, we have constructed the merit function ¥, from the natural residual ¢ .
We can solve SOCCP (3.1.1) by minimizing W, by an appropriate descent algorithm. However,
the function W, is not differentiable, and hence, methods that use the gradient of the function,
such as the steepest descent method and Newton’s method, are not applicable. In order to get
rid of this difficulty, we first introduce a smoothing method that solves a sequence of differentiable
approximations to the original nondifferentiable problem. To ensure global convergence of a descent
method, the level-boundedness of the objective function plays an important role. If the function
involved in the SOCCP is strongly monotone, then the merit function ¥, is level-bounded. (See
Appendix A.) But the assumption of strong monotonicity is quite restrictive from a practical
standpoint. To be amenable to a merely monotone problem, we propose to combine a regularization
method with a smoothing method.

In the remainder of this chapter, we assume K = K™. Then we can rewrite SOCCP (3.1.1) as
follows: Find (z,y) € R x R" such that

zeK" ye k", wTy =0, y= f(x). (3.3.1)
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The assumption K = K" is only for simplicity of presentation. In view of (3.2.3), the results obtained
in the following can be extended to the general K in a straightforward manner (See Section 2.6).
Under this assumption, ®, (x,y) is reduced to ¢, (z,y), and hence, the vector-valued function
H

«r and the merit function W, are respectively rewritten as

H (z,y) = <9;“(“;§x_y;> , (3.3.2)

1 1 1
Ui () = Sy (@97 = Sllow @ o)+ 51£(2) - yl*

3.3.1 Smoothing functions

In this subsection, we introduce a class of smoothing functions of the merit function ¥, . For a
nondifferentiable function h : & — R™, we consider a function h, : R" — R™ with a parameter

1 > 0 that has the following properties:

(a) hy, is differentiable for any pu > 0,
(b) limy g hy(x) = h(x) for any x € R".

Such a function h, is called a smoothing function of h. Instead of handling the nonsmooth equation
h(xz) = 0 directly, the smoothing method solves a family of smoothed subproblems h,(z) = 0 for
u > 0, and obtain a solution of the original problem by letting p | 0. Fukushima, Luo and
Tseng [43] extended Chen and Mangasarian’s class [13] of smoothing functions for NCP to SOCCP,
which may be regarded as a smoothing function of the natural residual ¢ .

First we define a smoothing function of the projection function Pin defined by (2.2.7). To this
end, we consider a continuously differentiable convex function g : 8 — R such that

lim g(a) =0, lim (§(a) —a)=0, 0< g (a) < 1. (3.3.3)

o——00 a—00

For example, g1 (o) = (Va2 +4+«)/2 and ga(a) = In(e® + 1) satisfy (3.3.3). By using g, we define
function P, : " — R" by

Pyu(2) = pgh/mutt + pg(a/pyuth, (3.3.4)

where \; and Ay are the spectral values of z given by (2.2.4), and uw! and w{? are the spectral
vectors of z given by (2.2.5). Fukushima, Luo and Tseng [43] showed that the function P, defined
by (3.3.4) is a smoothing function of Py, by using the facts that lim, o ng(A/p) = max{0, A\} and
that v,(A\) := pg(A/p) is differentiable for any p > 0. Hence, from the definition (3.2.5) of ¢,
the function ¢, : R" — R" defined by

ou(z,y) =2 — Pz —y)

becomes a smoothing function of ¢, . In particular, by [43, Proposition 5.1], there exists a positive

constant v such that

lou(@,y) — oxa (T, )|l < vp (3.3.5)
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for any p > 0 and (z,y) € R" x R". Likewise, function ¥, : " x R* — R given by ¥, (z,y) :=
(1/2) [l ou(, y)|I* + (1/2)]| f(z) — y]||? serves as a smoothing function of the merit function . In
the following, we denote Py(z) := Pxn(2), vo(z,y) := o\ (z,y) and Uo(z,y) := U (2, y).

3.3.2 Regularization method

Since ¥, is differentiable, we may apply an appropriate gradient-based descent method to obtain
a minimum (x,,y,) of the function ¥, for x > 0. In order that a sequence generated by such a
descent method has an accumulation point, it is desirable that ¥, is level-bounded, that is, the
level sets Lo = {(z,y)| Yu(z,y) < a} are bounded for all @ € R. Actually, by using (3.3.5)
and the results for natural residual of variational inequality problems[93, 121], we can show that
VU, is level-bounded for any p > 0 if f is strongly monotone. (See Appendix A.) However, the
strong monotonicity is quite a severe condition. As a remedy for this inconvenience, we employ a
regularization method.

Let the function f. : ®" — R"™ be defined by f.(z) := f(z) + ex with a positive parameter ¢.
The regularization method solves a sequence of SOCCPs involving f. with £ > 0, so that a solution
of the original SOCCP is obtained by taking the limit & | 0. Define functions H,, . : R x R" — R2"
and ¥, . : R" x R" — R by

H,(z,y) = (}ié‘ff’z) : (3.3.6)

1 1 1
Ve(z,y) = S Hue(z,y)I” = Slouley)lI” + 511 fo(2) -yl (3.3.7)
2 2 2

If f is monotone, then f, is strongly monotone for any ¢ > 0, and hence, the function ¥, . is
level-bounded for any > 0 and € > 0.
Finally, we give explicit expressions of functions VH, . and VP, which will be useful for the

subsequent analysis.

Remark 3.3.1 From the definition of Hy, ., ¢, and f., VH,(x,y) can be written as

(3.3.8)

VH,.(z,y) = ( I=VPy(x—y) Vf(z)+el >

VP,(x—y) -1

Let g : R — R be defined by g(z) := g(A)ul™ + G(ho)ul?}, where Ay and Xy are the spectral
values of z, and ut'} and ut?' are the spectral vectors of z. Then we have VP, (z) = Vg(z/u) since
P,(z) = pg(z/p) from (3.3.4). Therefore, by [43, Proposition 5.2], VP, (z) is written as

J'(z/m)1 if 2 =0,
T
Cuza
VP,(2) = by o | (3.3.9)
T if 29 # 0,
w22, I+ (b,—a )7,22@
B - M
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where

g(A2/p) — g\ /1)
Aa/p— A/ p

b = 3 (i /) + 3O /), (3.3.10)

Cu = %(Q’(M/u) — ' (M /).

3.4 Algorithm

In this section, we present a globally and quadratically convergent algorithm for solving SOCCP (3.3.1).
We first give a globally convergent prototype algorithm that utilizes smoothing and regularization
techniques. Next, we study two properties called strong semismoothness and Jacobian consistency,
which play an important role in establishing quadratic convergence of the algorithm. Finally, we
construct a quadratically convergent algorithm by incorporating Newton’s method to the prototype

algorithm.

3.4.1 Prototype algorithm

As we have stated in the previous section, for any p > 0 and ¢ > 0, the function ¥, . defined
by (3.3.7) is differentiable and level-bounded, provided f is monotone. Therefore, by applying an
appropriate descent method, we may obtain a minimum (¢, y,.) of the function ¥, .. Moreover,
letting (u,€) converge to (0,0), we can expect that (., y,,) converges to a solution of the original
SOCCP. However, in practice, it is usually impossible to compute an exact minimum of ¥, .. So,
we consider the following algorithm in which the function ¥, . is minimized only approximately at

each iteration.
Algorithm 3.4.1

Step 0 Choose (z(9,5©)) € R x R, pg € (0,00), o € (0,00) and ag € (0,00). Set
k:=0.

Step 1 Terminate the iteration if \IINR(x(k), yR)) = 0.
Step 2 Find a pair (5D y*E+D) € R x R such that

W o (B (DY < (3.4.1)

Kk €k

Step 3 Update parameters g1 € (0, pg), €x+1 € (0,ex) and ags1 € (0,a1) so that
they converge to 0 eventually. Set k:=k + 1. Go back to Step 1.

To obtain (w(kH) , y(k+1)) in Step 2, we may use any suitable unconstrained minimization technique.
These issues will be discussed in detail in Subsection 3.4.4.

In order for Algorithm 3.4.1 to be well-defined, there must exist a pair (z(*t1 y*+1) satisfying
(3.4.1) for any oy, > 0. For this purpose, it suffices to show that any stationary point of ¥, . is a

global minimum of ¥, ..
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Proposition 3.4.1 If f : R” — R" is monotone, then, for any p > 0 and € > 0, every stationary
point (Z,Y) of the function ¥, . satisfies ¥, .(Z,7) = 0.

Proof. Note that VV,.(7,y) = VH,.(T,y) H.(T,y) = 0. By Proposition 6.1 of [43],
VH, .(,7) is nonsingular. Hence, we have H, .(Z,7) = 0, that is, ¥, .(Z,7) = (1/2)| H, (7, D? =
0. |

We proceed to showing the global convergence property of Algorithm 3.4.1. To this end, we
introduce the weak univalence property. We say function H : D C £ — R™ to be weakly univalent
if it is continuous and there exists a sequence of continuous and injective functions { H; } converging
to H uniformly on a bounded subset of D. In particular, if f is monotone, then H, is weakly
univalent from the following reasons: For any > 0 and € > 0, VH, .(x, y) is nonsingular for any
(x,y) € R™ x N™[43, Proposition 6.1], and hence, H, . is injective. Moreover, H, . converges to

H ;. uniformly on a bounded set as (p,¢) | (0,0) since we have from (3.3.5)

[ Hpe(,y) — Heg (2,9l < [lop(@,y) — oan (@ )| + | fo(@) = f(@)]| < vp+ellz|. (3.4.2)

The next lemma indicates a property which weakly univalent functions possess.

Lemma 3.4.1 [33, Corollary 3.6.5] Let H : " — R" be a weakly univalent function such that
the inverse image H~'(0) is nonempty and compact. Then, for any e > 0, there exists 6 > 0 such
that the following statement holds: For every weakly univalent function H : R — R such that
|H(z) — H(2)|| <6 for any z € cl(H'(0) 4+ B(0,¢)), we have ) # H~'(0) € H=1(0) + B(0,¢), and
H=(0) is connected.

By using this lemma, we establish the global convergence of Algorithm 3.4.1.

Theorem 3.4.1 Let f : R — R™ be a monotone function. Assume that the solution set S of
SOCCP (3.3.1) is nonempty and bounded. Let {(x™®,y*))} be a sequence generated by Algorithm
3.4.1. Then, {(z®,y*)} is bounded, and every accumulation point is a solution of SOCCP(3.3.1).

Proof. From a simple continuity argument, we can easily show that every accumulation point of
{(z™®), y*))} is a solution of SOCCP (3.3.1). So we only show the boundedness of {(z*), y*))}. For
any € > 0, let Q := cl(H_!(0)+ B(0,¢)), which is nonempty and compact by the given assumption.
Then, there exists 4 > 0 such that Lemma 3.4.1 holds for H = H;. Let continuous and injective
functions G : R* x R" — R?" be defined by Gi(z,y) := Hy (e (2,y) — Huk_hgk_l(a:(k),y(k)).
From (3.4.1) and (3.4.2), there exists k such that |Gx(z,y) — Hy (@, 9)|| < | Hpp_y,er_, (T,y) —
Hy @)+ 1 Hyyy ey (2B y "N || < vpe—y +epal|2]| +v/2ak—1 < 6 for any k > k and (z,y) € Q.
Moreover, Gy, is a weakly univalent function. Hence, by Lemma 3.4.1 with H = G, and H = H.,
we have G} 1(0) C Q for all k > k. This together with (z(¥), y*)) € G;-1(0) implies the boundedness
of {(z¥),y*M)}. =

An alternative proof of this theorem is given in Appendix B, in which the Mountain Pass Theorem
is used instead of the weak univalence property. Although the proof in the appendix is more

comprehensible, the above proof is more elegant and extendable to other cases.
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3.4.2 Semismoothness and strong semismoothness

Semismoothness is a generalized concept of the smoothness, which was originally introduced by
Mifflin [80] for functionals and extended to vector-valued functions by Qi and Sun[98]. Strong
semismoothness is also a generalized concept of the smoothness, which is stronger than the semis-
moothness. These concepts play an important role in establishing fast local convergence of the
algorithm presented later. In this subsection, we first show that the function Pin is strongly semis-
mooth at an arbitrary point. Then, by using this result, we show the strong semismoothness of the
function Hy,, defined by (3.3.2).

Let H : R — R™ be a locally Lipschitzian function. Then H is differentiable almost everywhere
by Rademacher’s Theorem [20]. Let Dy C R™ be the set of points where H is differentiable. Then,
Clarke subdifferential 0H (x) of H at z is defined by 0H(z) = co{limz; ., sep,VH(Z)} [20, 96].
We note that 0H (x) = {VH(x)} if H is continuously differentiable at x. By using the concept of

subdifferential, we give the definitions of semismoothness and strong semismoothness.

Definition 3.4.1 A directionally differentiable and locally Lipschitzian function H : " — R™ is
said to be semismooth at z if VId — H'(z;d) = o(||d||) for any d € R™\{0} sufficiently small and
V € 0H(z + d), where H'(z;d) := limy,|o(H (z + hd) — H(2))/h is the directional derivative of H
at z along the direction d. In particular, if o(||d||) can be replaced by O(||d||?), then function H is

said to be strongly semismooth.

It is known that any piecewise smooth function® is semismooth. Moreover, any piecewise smooth
function is strongly semismooth if all the derivatives of smooth pieces are locally Lipschitzian. Next

we show that the projection function Pn is strongly semismooth everywhere.
Proposition 3.4.2 The projection function Pxn is strongly semismooth at any z € R".

Proof. Let A; and Ay be the spectral values of z. Since we have from (2.2.8)

z (A1 >0, A2 >0)
1 z
Pen(z) = 3 gt llal) (L20)  Ga<00e>0)
2 |22l
0 (Algoa)\ZSO)v

Pxn is continuously differentiable at any z such that A\; # 0 and Ay # 0, and its derivative is
locally Lipschitzian. Moreover, Pxn is piecewise smooth at any z such that Ao > Ay = 0 or
A1 < A2 = 0. Hence, we have only to show the strong semismoothness at the origin. Note that
Picn(tz) = tPxn(z) for any ¢ > 0. Since any locally Lipschitzian positively homogeneous function

is strongly semismooth at the origin [103], Picr is strongly semismooth at the origin. ]

In Appendix C, we give a more detailed proof, in which we divide the whole space into six subsets

and discuss the strong semismoothness in each subset. Recently, Chen, Sun and Sun [19] also showed

'"Function H : " — R™ is said to be piecewise smooth at z if there exist € > 0 and a finite number of continuously
differentiable functions H; : B(z,e) — ®™ (i = 1,..., N) such that for any 2z’ € B(z,¢) there exists an index i such
that H(z") = Hi(2).
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the strong semismoothness of Pin, and Chen, Chen and Tseng [15] gave more general results. We
note, however, that their approaches are quite different from ours. Now, we are ready to prove the

strong semismoothness of H

Theorem 3.4.2 The function H, defined by (3.3.2) is semismooth at every point (z,y) € R™ xR™.
Moreover, if Vf : R* — R™*" is locally Lipschitzian, then H, is strongly semismooth at every
point (x,y) € R x R™.

Proof. Let (§,n7) € R" xR" be a pair of vectors sufficiently small, and U be an arbitrary element
of 0H, (x + &,y +n). Note that Pgn is strongly semismooth at z — y. Then, since

I-V Vf(x+¢)

OHNR<x+£,y+n)={( v g

)‘V € 0Pcn((z —y) + (& n))}
and

' ((2.9)5(€.1)) = (f— Pl (a —y;f—n))

Vi@)TE—n

we have

[~V Vi) )T (g) B <§—P/cn(x—y;£—n)>
—I V@) —n

:<an—y§ DENS

Ut <£> — H{ ((z,y);(&m) =

n

3

(¢ 77))
(Vf(z+&) = Vf(x)TE

o(llg = nl?
ollel) ) (3.4.3)

(e mi,

Il
S

where the last equality follows from [|§ —n||* < 2[|¢][* + 2[n]* = 2[[(§,)[|* and [[&]] < [[(€ ).
Hence, H, is semismooth at (z,y). Furthermore, if Vf is locally Lipschitzian, then the strong
semismoothness of H, at (z,y) readily follows since o(||£]) in (3.4.3) can be replaced by O(||¢]|?).
[

3.4.3 Jacobian consistency of the smoothing function

Jacobian consistency, which was first introduced by Chen, Qi and Sun [17], is a concept relating
the generalized Jacobian of a nonsmooth function with Jacobian of a smoothing function. Like
the strong semismoothness, the Jacobian consistency plays an important role in establishing rapid
convergence of smoothing methods. In this subsection, we show that the function H, . defined by
(3.3.6) enjoys the Jacobian consistency, and give some results that will be useful in constructing a

rapidly convergent algorithm.
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Definition 3.4.2 Let F' : " — R" be a continuous function. Let F, . : " — R" be a function
such that F), . is continuously differentiable for any p > 0 and e > 0, and that lim, )| (0,0 Fo:(2) =
F(z) for any z € ®". Then we say F), . satisfies the Jacobian consistency if

lim dist(VF,.(z), 0F(z)) =0
JJm dist(VE, (), 0F(2)

holds for any z € R". Here dist(X, S) denotes min{|| X — Y| |Y € S}.

We note that Chen, Qi and Sun [17] define the Jacobian consistency in terms of 0o F'(z) := 0F;(z) X

- X OF,(z) 2 OF(z) instead of OF(z). Moreover, their definition contains only a smoothing
parameter pu.

In order to show the Jacobian consistency of H, ., we need the following proposition. Since

it can be proved from (2.2.8) and (3.3.9) in a straightforward manner, we postpone the proof to

Appendix D.

Proposition 3.4.3 Clarke subdifferential of the projection function Pxn and the matriz Jp(z) ==

lim, o VP,(2) are given as follows:

{1} (A1 > 0,22 > 0)
{()\2/()\1 + /\2))] + Z} ()\1 <0, > 0)
{O} ()\1 <0, < 0)
OPn(2) — (3.4.4)
co{l,I + 7} (A1 =0,22>0)
CO{O7 Z} ()\1 <0,A = 0)
co({0}yU{I}US) (M =0,\=0),
I A1 >0, 0 > 0)
()\2/()\1 + /\2))[ + 7 A1 <0, A > 0)
O A< 0, Ao < 0)
Jp(z) = (3.4.5)
I+(1-4(0)z A1 =0, >0)
g (O)Z A< 0, Ay = 0)
§'(0)1 A1 =0,2=0),
where (r1,r2) = (21, 22) /|22l
1 -7 7"2T 1 1 wl
J = - , S =¢=-(1+0)I+= -1<8<1, =1;.

By using this proposition, we show the Jacobian consistency of H, .

Theorem 3.4.3 H, . satisfies the Jacobian consistency.
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Proof.  The formulas (3.4.4), (3.4.5) and 0 < §’(0) < 1 from (3.3.3) yield Jp(z) € dPxn(z) for

any z € R". Moreover, we have

| I Ty —y) Vi)
JO = 1 H c , — P 346
i(@y) = I Huel®) ( To(r—y) I (3:4.6)

from (3.3.8), and

OH (z,y) = {( IDD V{(Ia:) )‘DeaPlgn(a:—y)}.

We thus have Jg(z,y) € 0H (z,y) for any (x,y) € R” x R", which implies that H,, . satisfies the

Jacobian consistency. ]

The Jacobian consistency of H, . guarantees that, for any (z,y) € R” x R" and ¢’ > 0, there
exist © > 0 and € > 0 such that dist(VH,(z,y), 0H, (z,y)) < ¢'. To find such p and e for given
§" and (z,y) is an essential issue for constructing a rapidly convergent algorithm. In the remainder
of this subsection, we study how we can find such p and e.

In what follows, we use the following notation for convenience. Let § : R — R be a continuously

differentiable convex function satisfying (3.3.3). Then we denote for any p > 0 that

Yula) := pgla/p). (3.4.7)

Note that, as pu | 0, there exist limits of 7, (a) and v}, («) for any fixed a, which we denote

Yo(a) = E%W(a) = max{0, a}, (3.4.8)
0 a <0)

(@) = Tmape) = { #(0) (a=0) (3.49)
1 a>0

Moreover, we suppose that the function § satisfies not only (3.3.3) but also
g(a) —a = g(—a) (3.4.10)

for any o € R. For example, §1(a) = (Va2 +4+ «)/2 and go(a) = In(e® + 1) satisfy (3.3.3) and

(3.4.10). For such functions, we have the following lemma.

Lemma 3.4.2 Let § be a continuously differentiable convex function satisfying (3.3.3) and (3.4.10).
Let v, Yo and g be defined by (3.4.7)—(3.4.9). Then it holds that (a) ~,(a) —yo(a) = yu(—a) —

v(—a) for any o € R, and (b) [7,(0) — 75 (0)] = 0 < |y (2) — 77 (a2)| < |yp(ea) — g ()| for
any (aq,as) € R x R such that 0 < |ay| < |ag].

Proof.  Since (a) can be easily seen from (3.4.7), (3.4.8) and (3.4.10), we only show (b). Let
(a1, a2) € R x R be arbitrary scalars such that 0 < |a1| < |az|. From (3.4.10), we have §'(a) — 1 =
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—§/(—a) for any a € R. This, together with ), (o) = §'(ov/) and (3.4.9), yields 7, (o) — ¢ (a) =
—{7,(—a) — ¢ (—a)}. We therefore have |v,(0) — 7¢ (0)| = 0 and
() = 7 (@i)| = i (feil) = v (Jeu)] (3.4.11)

for each i = 1,2. Now, we note that, for any 3 > 0, |7/,(8) — 15 ()| = 1 —~,(8) > 0, where
the inequality follows from v, (3) = ¢'(8/p) and (3.3.3). Moreover, 1 — v, (3) is monotonically
nonincreasing since -, is convex. Hence, we have 0 < |7, (Jaz|) — ¢ (|a2)] < |7, (Jea|) = 25 (Jea|)]-

Combining this inequality with (3.4.11), we have (b). [

We further define function X : " — [0, +00) by

" { min @) (@6 #0)

0 (Z(2) = 0),

where A\;(z) (i = 1,2) are the spectral values of z, and Z(z) C {1,2} is the index set defined by
Z(z) :={i|Xi(z) # 0}. Then we can easily see from Lemma 3.4.2 (b) that

7.(Xi(2)) =28 a2l < (A=) =76 A=) (i=1,2). (3.4.13)

From this fact, we can estimate the upper bound of dist(VH . (z,y), 0H (x,y)).

(3.4.12)

Proposition 3.4.4 Let g be a function satisfying (3.3.3) and (3.4.10), and X be the function defined
by (3.4.12). Then, there exists M > 0 such that

dist(VHy,e(z,9), 0Hy (,9)) < M(1,(Az = 9)) =75 Az —y)| +¢)
forany p >0, >0 and (x,y) € R™ x R"™.

Proof. By (3.3.8), (3.4.6) and the Jacobian consistency of H,, ., there exists M’ > 0 such that
dist(VH,c(x,y),0H y (z,y)) < M'(|VPy(z —y) — Jp(x — y)|| + ¢€) for any p > 0, € > 0 and
(z,y) € R™ x R™. So it suffices to show the existence of N > 0 such that

IVP.(2) = Jp(2)| < NIvu(A(2) = 75 (A(2))]

for any ¢ > 0 and z € R". Let A; and A2 be the spectral values of z, and a, b, and ¢, be defined
by (3.3.10). Moreover, let

Y0(A2) —y0(A1)

ag = E%a“ = Y e (3.4.14)
. 1

bo = E?&bu = 5(’730\2) +70 (M), (3.4.15)
. 1

co = lime, = 7(730\2) - 73()\1)). (3.4.16)
110 2

When zo = 0, that is, 21 = A\; = A2, we have |[VP,(z) — J2(2)|| = ||¢’(z1/p)] — v¢ (z20)I]| =
7,,(21) = 74 (21)] = 74 (AM(2)) = 75 (AM(2))], where the first equality follows from (3.3.9), (3.4.5) and
(3.4.9), and the last equality follows from A(z) = |21| and (3.4.11).
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When 29 # 0, that is, A < Ag, by (3.3.9) and (3.4.5), we have for some N’ > 0

IVP.(2) = Jp(2)

_ (by = bo) — (@, — ao) (cy — co)rd ) H
= ||(a, —ag)l
(@ — a0l + < (cu — co)r2 ((by — bo) — (ay — ag))rary
< N'(lay — ao| + by — bol + |, — <o), (3.4.17)

where o := 29/||22||. First we consider the case where 0 < A\; < Xg. Note that there exists X €
[A1, A2] such that v/, (X) = (v (X2) =7u(A1))/(A2—A1) = a,. Moreover, we have from (3.4.9), (3.4.14)
and A € [A1, Ao] that ag = 1 =~ (A). Hence, we obtain |a, — ag| = 1. (A) — v¢ (A)|. Furthermore,
by (3.3.10) and (3.4.15), we have [b, — bo| < (1/2)],,(A2) — 75 (A2)| + (1/2)]7/, (A1) — 7g (A1)], and,
by (3.3.10) and (3.4.16), we have |c, — co| < (1/2)]7,(A2) — 3 (A2)| + (1/2) 17, (A1) — 75 (M)l
Combining these inequalities, we have

|y = ao| + |by = bo| + |eu — col
7. (A2) =79 (M) + 17, (A1) = 70 (M) + 17, (8) = v (V)]
< 31, (A2) = 7 ()]

IN

where the last inequality follows from 0 < Ay < X, A € [A1, A2] and Lemma 3.4.2 (b). Hence,
by (3.4.17), we have for some N > 0 that ||[VP,(z) — Jp(2)| < N]fyL(S\(z)) — 75 (A\(2))|. When
A1 < A2 <0, we can obtain the desired result in a similar way.

Finally, we consider the case where A\ < 0 < Ag. First we assume 0 < |[\| < Ao. When
|A1] < A2, there exists A € [[A1], A2] = [~A1, A2] such that

~wA2) = 9(A1) - w0(Ae) — (M)

@ — a0l = —M d—N\
7#()‘2) - ’Yu(_/\l) 70(A2) — 70(—)\1)
= — 4.1
Ao — A1 Ao — A1 (3 §)
_ Mt A [ (A2) —(=A) 1‘
A2 — A1 A2 — (A1)

A+ A1~ +
= A) — A
2t 2 ) i OO

7. (A) =g N,

IN

where the second equality follows from Lemma 3.4.2 (a), the third equality follows from (3.4.8), the
fourth equality follows from (3.4.9), and the inequality follows from (A2 + A1)/(A2 — A1) = (|A2| —
IA1])/(JA2] +]A1]) < 1. When |A1| = A2, we have |a, —ag| = 0 from (3.4.18) and Lemma 3.4.2 (a

a way similar to the previous case, we have [b, —bo| < (1/2)]7,,(A2) =g (X2)[+(1/2) 7}, (A1) =, )\
and |c, — co| < (1/2)|7,(A2) — 75 (A2)| +(1/2)]7,, (A1) — 75 (A1)|. Hence, by 0 < [A1] < Ao, A €
[[A1]; A2], Lemma 3.4.2 (b) and (3.4.13), we have ||V P,(z) — J3(2)| < Nlv,(A(2)) — 9 F(A\(2))] for
some N > 0. In the case where \; < 0 < A2 and 0 < Ay < |A1], we can also show the desired result

Ao
)- 1
0 (A

in a similar manner. ]
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Proposition 3.4.4 indicates that, for given a € R, if we can reduce the value of |y, (a) — 7o ()]
arbitrarily close to zero by choosing a sufficiently small ;1 > 0, then we can make VH, . (z,y)
arbitrarily close to OH, (z,y). Since v (o) = lim,, 0 ¥, (), for any 6 > 0 and « € R, there exists
fi(, d) > 0 such that |v,(a) — 74 (@)| < & for any u € (0,7i(e, §)). The following proposition gives
an explicit expression of such 7i(a, §) when () is given by §(a) = (o + Va2 + 4)/2.

Proposition 3.4.5 Let the function § be defined by §(a) = (a + Va®+4)/2, and v, and v§ be
defined by (3.4.7) and (3.4.9), respectively. Moreover, let Ti(a, 0) be defined by

+0o0 (0 >1/2 or a=0)
Ala,6) =
%|a|\/<§ (0 <1/2 and o #0).
Then, for any « € R, 6 > 0 and p € (0,7, d)), we have

(@) =g ()] < 6. (3.4.19)

Proof. Let pu be an arbitrary scalar in the interval (0,7(c,d)). By easy calculation, we have

(@) = (a+ VaZ F222) /2, Al (a) = (1 + a/v/a? + 42)/2 and

1 (> 0)
% () =1 1/2 (a=0)
0 (e <0).

Moreover, these equalities yield

Yy(e) = 7 ()| =

N = O

o )
(“‘wﬂ+@ﬂ> @70

When a = 0, (3.4.19) trivially holds since |7, (o) — 75 (@) =0 < 6. When 6 > 1/2, (3.4.19) always
holds since |v;, (@) — ¢ ()] < 1/2 for any § > 0 and g > 0. When o # 0 and 0 < § < 1/2, we have

/ 1 o
i) e -5 = 3 (1= L)

<1(1_W)_5
2 Va2 + a2

1 1
—(1_)_5

2 V1i+6
<0

where the first inequality follows from pu < 7i(a,d) = (1/2)]a|v/d, and the last inequality follows
since the function f(9) := (1/2)(1—(1+8)~/2) —¢ satisfies £(0) = 0 and f'(8) = (1/4)(1+6)73/2 -
1 < 0 for any § > 0. This completes the proof. [
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3.4.4 Quadratically convergent algorithm with Newton’s method

In this subsection, based on Algorithm 3.4.1, we propose a more specific algorithm in which New-
ton’s method is applied for solving subproblem (3.4.1). Moreover, we show that the algorithm is
quadratically convergent under appropriate assumptions including the strong semismoothness and

the Jacobian consistency. We first state the algorithm. For convenience, we denote

(k)
v () e (),

Algorithm 3.4.2 Choose n, p € (0,1), 7€ (0,n], 0 € (0,1/2), K > 0 and & > 0.
Step 0 Choose w® € R and By € (0,00). Let pg = ||[Hy(w )| and go :=
| H i (w0 )]]. Set k := 0.
Step 1 Terminate if | Hy, (w®)|| = 0.
Step 2
Step 2.0 Set v = w®) and j := 0.
Step 2.1 Find a vector d9) such that

H,, e (U(J')) +VH,, ., (U(J’))Td(j) —0.

Step 2.2 If ||H,, ¢, (v\9) + AN < B, then let w*+D) .= o) 4+ dU) and go to
Step 3. Otherwise, go to Step 2.3.

Step 2.3 Find the smallest nonnegative integer m such that

Uy o (09 4 pmdD) < (1= 20p™)W,, o, (vD).

Ny

Let mj :=m, 7 := p"™ and vU*) = 0) 4 7;d0).

Step 2.4 If
HH,ukﬁk(U(j+l))H < Bk, (3.4.20)

then let w1 .= o0t and go to Step 3. Otherwise, set j := j + 1 and go
back to Step 2.1.

Step 3 Update the parameters as follows:

o 1= min {s]| Hyg (0 D), o+, (A =y @0, & Hg (D))
Ekt1 = min{ﬁ”HNR(w(k+1))“2,Eoﬁk+1} :

Brr1 = BontTL.

Set k:=k+ 1. Go back to Step 1.
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In Step 3, A is the function given by (3.4.12), and 7i(«, §) is determined so that v (@) — Yo ()| <8
for any p € (0,7i(cr,d)). An explicit formula of fi(a,d) is given as in Proposition 3.4.5 when
g(a) = (a+ Va2 +4)/2.

In the inner iterations Steps 2.0—2.4, a damped Newton method seeks a point w**1) such that
| Hpp e (D) < By Note that, by letting ay := 37/2, the termination criterion (3.4.20) for the
inner iterations becomes equivalent to (3.4.1) in Algorithm 3.4.1. Step 3 specifies the updating rule
of the parameters, where {8y}, {1} and {ex} converge to 0 since 0 < 77 < n < 1. Algorithm 3.4.2
is well-defined in the sense that Steps 2.0 2.4 find vU+1) satisfying (3.4.20) in a finite number of
iterations for each k. (For more detail, see Appendix E.)

Now, we show that Algorithm 3.4.2 is quadratically convergent under appropriate assumptions.
Note that, from (3.4.2) and ||z| < ||(x,y)]|, there exists v > 0 such that

[Hye(w) — Hy (w)]] < v+ el|wl| (3.4.21)

for any w € R2". By using this inequality and the two properties shown in Subsections 2.4.2 and

2.4.3, we establish the main theorem of this subsection.

Theorem 3.4.4 Let f : " — R™ be a monotone function such that V f is locally Lipschitzian.
Let {w(k)} be a sequence generated by Algorithm 3.4.2. Moreover, suppose that the following as-

sumptions hold true:

(i)  The solution set of SOCCP (3.3.1) is nonempty and bounded.

(i) Every accumulation point of {VH,, -, (w*)} is nonsingular.
Then we have the following two statements:

(a) For all k sufficiently large, the inequality in Step 2.2 of Algorithm 3.4.2 holds for
J=0;
(b)  The sequence {w®} converges to a solution w* of SOCCP (3.3.1) quadratically.

Proof. By assumption (i) and Theorem 3.4.1, {w(®} is bounded and an arbitrary accumulation
point w* is a solution of SOCCP (3.3.1), that is, H, (w*) = 0. Let B be a positive number such that
|w®|| < B for all k. Let L > 0 be a Lipschitzian constant of H,, on a bounded set Q O {w®)}.
Let d® = d0) = ~VHu, o, (w)TH, . (w®), where J-T denotes J~T := (JT)~t = (J~H)T.
From the nonsingularity of VH,,, ., (w®)) [43, Proposition 6.1] and assumption (ii), there exists
C > 0 such that

”VH#kﬁk(w(k))_TH = ||VHuk,sk(w(k))_1|| <C (3.4.22)

for all k.
First we show [|w® + d®) —w*|| = O(|]w® —w*||?). Let Vi be an element of dH,, (w*®) such
that |VH,, ¢, (w®) — Vi|| = dist(VH,, ¢, (w®), 0H, (w®)). Tt then follows from (3.4.22) and
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H

i (

w*) = 0 that

lw® + d® — |

= [w® —VHu E< )T Hyy e (w®)) —

< [V e @) || [P (0D @0 = 07) = Hp ()

< OA]|[(VHpp e (w®) = Vi) T (w® — Fw® — w? >—H;R<w*;w<k>—w*>
[ (05 0 = %) = Hogy (0®) 4 Hog () (w®) — Hyy e (w®)]|}.(3.4.23)

*

Moreover, each term of (3.4.23) is O(|Jw®) — w*||?) by the following reasons. Since H,, . satisfies

the Jacobian consistency, we have for some M > 0 that

IV Hyper, @) = Vil < M ([, M ® = @) =5 A = y®))| + 21
< M (& Hyg (w )| 4 ]| Hyg, (™))
< M (f+ ]| Hyg, (w (’“)H)HH (w®) = Hyg (w")]
< M (i + ] Hyg (™)) L™ — ], (3.4.24)

where the first inequality follows from Proposition 3.4.4, the second inequality follows from Step
3 of the algorithm, the third inequality follows from H , (w*) = 0, and the last inequality is due
to the local Lipschitz continuity of H,,. By (3.4.24) and the boundedness of {|H, (w®)||}, we
have |[(VHp, e (w®) — V)T (w® — w*)|| = O(||[w® — w*||?). The second and third terms of
(3.4.23) are also O(||w® —w*||?) since H, is strongly semismooth and directionally differentiable.
Finally, we consider the fourth term of (3.4.23). From (3.4.21) and Step 3 of Algorithm 3.4.2, we
have || Hygy () — Hyy o, (w®)]| < vp + Beg, = O(| Hygy () [2). Moreover, O(|| g (10®)]12) =
O([Jw™ — w*||?) from H,, (w*) = 0 and local Lipschitz continuity of H,. Therefore, the fourth
term of (3.4.23) is O(||w*) — w*||). Consequently, we have

w® +d® — ]| = O(flw® — w*|?) (3.4.25)

Next we show (a), that is, ||H,, ¢, (w® + d®)|| < By for all k sufficiently large. Note that
{d(k)} is bounded from the inequality ||d(k)|| < Hw(k) +d*) — w*|| + ||w(k) — w*|| and (3.4.25). We
therefore have for some I' > 0 that

| Hp e (w® + d*| < | Hppe (w® +ad®y — H_ (w® + d®)|| + || Hy (w® +d®)]|
| Hyg (w2 4 || Hog (™ + d M) (3.4.26)

N

where the second inequality follows from (3.4.21), the boundedness of {w*) + d®¥)} and Step
3 of Algorithm 3.4.2. Hence, it suffices to show ||Hy, (w® + d®))|| = O(||Hy, (w®)[?) and
| Hy (w®)|| = O(n*). Notice that assumption (i) implies that H,, satisfies the local error bound
property at w*, that is, ||w® — w*|| = O(||Hy (w®)]). Then, we have ||Hy, (w® + d*))|| <
L)|w® + d® —w*|| = O(Jw® —w*||?) = O(||Hy, (w™)]|?), where T is a Lipschitzian constant for
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H, on a bounded set Q D {w® + d*®}. On the other hand, || H, (w®)| = O(n*) since

[ Ha (W < [ Hpy e () + | Hyy ey (0™ — H (0®)]]
< Br—1 +vpg—1 + Bep—q
< Bon* 4+ vpon*t + Beon®~

= 77_1(50 + v + Beo)nk,

1

where the second inequality follows from Step 2.4 of Algorithm 3.4.2 and (3.4.21), and the third
inequality follows from Step 3 in Algorithm 3.4.2 and 0 < 7 < n < 1. Combining these results
with (3.4.26), we have ||H,, ., (w® 4+ d®)|| < ||Hy, (w™)] O(n*), which implies (a). Finally, (b)
directly follows from (3.4.25) and (a). [

We note that assumption (ii) holds if f is strongly monotone around a solution. This can be
observed as follows. From [43, Proposition 6.1}, we have O < VP, (z) < I for any ;1 > 0 and z € R",
which implies O < J%(2) = I. Moreover, the matrix J§(z,y) defined by (3.4.6) is nonsingular since
the matrix I — J3(z — y) + Jp(z — y)V f(x) is nonsingular by the positive definiteness of V f(z)
and [119, Proposition 2.1(b)].

There have been studied many Newton-type methods with smoothing and regularization tech-
niques for solving NCPs and box constrained variational inequalities (BVI). Our algorithm is re-
garded as an extension of those methods to SOCCP. However, it is different from the existing
Newton-type methods for NCP and BVTI in some respects. The Jacobian smoothing method [17, 69]
is one of the popular Newton-type methods. In this method, an approximate Newton direction
d = —VH,(2)"TH(z) of H is used instead of Newton direction —VH,(z) T H,(z) of H,, itself,
which our algorithm adopts. Another approach [95, 102] is to consider the nonlinear equation
G(x, ) = 0 where G(z, u) := (HF;L('Z)), and solve it by Newton’s method that treats parameter u as
a variable. Moreover, in [95], a regularization parameter is also included. On the other hand, our

method distinguishes between parameters and variables strictly.

3.5 Numerical experiments

In order to evaluate the efficiency of Algorithm 3.4.2, we have conducted some numerical experi-
ments. In our experiments, we chose §(a) = (Va2 + 4+ «)/2 as the function satisfying (3.3.3) and
(3.4.10), and employed || H,, (w®)| < 1078 as the termination criterion. Moreover, we adopted

10%0 (60>1/2 or a=0)

(o, d) =
pleso) %]al\/g (0 <1/2 and a #0).

in Step 3 of the algorithm. Note that, when A(z*) — y(*)) defined by (3.4.12) is very small but
positive while ||H, (®),y")| is not small enough, 1, becomes almost as small as \(z*) — y(*)),
although (x(k),y(k)) is not sufficiently close to a solution. Since this may diminish the effects of
smoothing, we regard A\;(z®*) — y(*)) as 0 when \;(z® — y®) /| H, (z® y*)|| < § holds for a
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sufficiently small § > 0. In our implementation, we therefore modified the definition (3.4.12) of A(z)
such that the index set Z(2) := {i||\i(2)| > 107%||Hy (@, y)||} is used instead of Z(2) = {i | \i(2) #
0}. The program was coded in MATLAB 6.5 and run on a machine with AMD Athlon(tm) XP
2000+ CPU and 1GB RAM.

3.5.1 Linear case

We solved the following linear SOCCP : Find (z,y) € R" x R" such that
rekK", yek", zTy=0, y=Mz+q, (3.5.1)

where M € ™" is a rank-deficient positive semidefinite matrix. We chose n = 0.01, 77 = 0.001,
p=0.5,0=04, k=0.01 and & =1 in Algorithm 3.4.2.

In order to obtain a positive semidefinite matrix M with rank M = r < n, we let M :=
nBBT/||BBT||, where B € R"*" is a matrix of which components are randomly chosen from the
interval [—1,1]. Furthermore, we let ¢ := 10°n'/?p — Me, where e = (1,0,...,0)T € int K", p is
a vector such that p € int K" and ||p|| = 1, and « is randomly chosen from the interval [—1,1].
Then, SOCCP (3.5.1) has a solution, since M is positive semidefinite and there exist Z € int ™ and
7 € int K" such that = MT+q. (See Appendix F.) In the experiments, we determined p as follows :
Let 6 be randomly chosen from (0, 7/2), let w be an (n — 1) - dimensional vector whose components
are randomly chosen from [—1, 1], and put p := 272 cos 8(1, w/||w||) + 27/ sin (1, —w/||wl]). It
is not difficult to see that a vector p thus determined satisfies ||p|| = 1 and p € int ™.

In our first experiments, we generated 100 problem instances for each of n = 100, 200, ..., 1000,
and solved each problem instance by using 100 randomly chosen initial points. We let the rank r
of M be an integer randomly chosen from [0.9n,n — 1], and selected an initial point (z(9),3(©)) as
(29, 4©)) := 10%(a,b)/||(a, b)|, where 3 is randomly chosen from [—3,3] and each component of
(a,b) € R x R™ is randomly chosen from [—1, 1]. Table 3.1 shows the results of our experiments, in
which n denotes the size of problems, fIte denotes the number of outer iterations, f Newton denotes
the total number of inner Newton iterations, and cpu(s) denotes the CPU time in second. The
values of f1Ite, § Newton and cpu(s) are the average of 100 runs for each n. Table 3.1 reveals that
the problem size only slightly affects the number of iterations.

In our second experiments, we fix the size of problems at 100 and varied the rank of M €
RL00x100 55 = 10,20, ...,90 and 99. We solved 1000 different problem instances for each r, where
initial points are selected in a way similar to the previous experiments. Table 3.2 shows the results
of the experiments. The numbers of iterations, fIte and f Newton, are the average of 1000 runs for
each r. Table 3.2 indicates that neither fIte nor § Newton is affected by the rank of matrix M.

3.5.2 Comparison with interior point method

We solved the following SOCP by our method and interior point method.

Minimize ¢!z

subject to z € K1, Az+be Ko, (3.5.2)
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Table 3.1: Results for linear SOCCPs of various problem sizes

n flte f§Newton cpu(s)
100 5.28 7.12 0.151
200 5.58 7.93 1.026
300 5.86 8.48 2.848
400 5.65 8.80 5.960
500 5.77 8.89  10.603
600 5.80 9.12 17.346
700 596 9.37  26.252
800 5.99 9.36 37.185
900 5.93 9.71  52.223

1000 5.98 9.52 67.316

where A € R™*" be R™, ce R, L1 :=K" x-- - x K™ C R and g := K™ x ... x LM C ™,
Since the KKT conditions for SOCP (3.5.2) are written as

(G exe (573060~ () e A ZT)E) - (oo

we can obtain a solution of SOCP (3.5.2) by solving SOCCP (3.5.3). In this experiment, we chose
eight pairs of (K1, K3) such that n; = --- = ny and my = --- = my; and generated 100 problem
instances for each (K1, K2), where matrix A is randomly chosen so that its components are contained

in the interval [—1,1], and vectors b and ¢ are randomly chosen so that SOCP (3.5.2) is solvable.

In applying Algorithm 3.4.2 to SOCCP (3.5.3), we chose parameters and initial points in a
way similar to the previous experiment. As the interior point method for SOCP, we used SDPT3
solver [109, 113]. We give the results in Table 3.3, in which (n, V) denotes the dimension of K; and
the number of second-order cones comprising K1, (m, M) applies similarly to K2, and the numbers
of iterations are the average of 100 runs for each (K1, /C2). As this table shows, our method tends
to require fewer iterations than the interior point method when the dimension of second-order cone

is large.

3.5.3 Nonlinear case

We solved the following nonlinear SOCCP : Find (z,y) € R x R” such that

rek, yek, xTy=0, y= f(v), (3.5.4)
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Table 3.2: Results for linear SOCCPs with various degrees of rank deficiency

r flte f Newton

99 5.396  7.346
90 5.361  7.260
80 5.284  7.207
70 5.245 7.115
60 5.242  7.189
50 5.172  7.004
40 5.233  7.128
30 5.116  6.988
20 5.072  6.809
10 4.894 6.371

Table 3.3: Comparison of Algorithm 3.4.2 and the interior point method on linear SOCPs

Our method | SDPT3
fIte f Newton f Ite

(100,2) | (100,4) | 5.07 1107 | 12.58
(100,20) | (100,25) | 5.21 1855 | 15.81
(400,8) | (300,5) | 530 9.23 | 14.05
(400,40) | (300,50) | 5.53 11.52 | 15.24
(800,4) | (900,3) | 574 9.67 | 15.19
(800,50) | (900,60) | 5.71  12.24 | 16.12

(n,N) (m, M)

where K = I3 x K? and f : R® — R® is given by

24(2z1 — 2)% + exp(x1 — x3) — 4a4 + T5
—12(221 — 22)3 + 3(3x2 + 5x3)//1 + (32 + 523)2 — 624 — T25
f(x):= | —exp(z1 —z3) + 5372 + 5x3)//1 + (3w + 5x3)2 — 334 + D25
4x1 + 629 + 323 — 1
—x1 + Txo — b3 + 2

We note that, in view of the KKT conditions (3.6.4) for the SOCP (3.6.1) (see Section 2.6),
SOCCP (3.5.4) is equivalent to the following SOCP :

Minimize exp(z1 — 23) + 3(221 — 22)* + \/1 + (322 + 5z3)?

“ 4 6 3 o 1
bject t K3 . K2.
subject to 29 € , (_1 . _5> z9 +<2)€
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Since the objective function of this SOCP is convex, we can easily see that the function f is
monotone. In the experiments, we set the parameters as p = 0.5, 0 = 0.4, Kk = 0.01 and & = 1.
We used nine different pairs (n,7) and ran Algorithm 3.4.2 with 100 initial points (z(%), y(®)
for each (n,7) determined as (z(?),y() := I'(a, b)/||(a, b)||, where T is randomly chosen from [0, 10]
and each component of (a,b) € R" x R" is randomly chosen from [—1,1]. Table 3.4 shows the
results of the experiments, in which #Ite and f Newton are the average of 100 runs for each (n,7).
As Table 3.4 shows, the number of outer iterations decreases as n becomes smaller. On the other
hand, the number of inner iterations decreases as 77 becomes smaller and n becomes larger. Since the
computation time is largely dependent on the number of inner iterations, it would be recommended
to choose n as large as possible and 77 as small as possible. However, it should be kept in mind
that, when 7 is too small, u and € tend to 0 very rapidly, which may deteriorate the advantage of

smoothing and regularization methods.

Table 3.4: Results for nonlinear SOCCPs with various choices of (1, 7)

n n fIlte fNewton

0.5 0.5 16.79 26.34
0.5 0.1 1220 13.70
0.5 0.01 10.50 10.75
0.5 0.001 9.58 9.85
0.1 0.1 835 19.11
0.1 0.01 813 13,51
0.1 0.001 7.66 11.25
0.01 0.01 5.99 14.32
0.01 0.001 5.73 12.35

3.6 Concluding remarks

In this section, we make some comments that complement the results obtained in this chapter.

In this chapter, the function F' in SOCCP (1.1.1) is assumed to be of the form F(x,y,() =
f(z) —y. This assumption may seem rather restrictive. However, the KKT conditions for the
SOCP

Minimize 6(z)

subject to  v(z) € K (3.6.1)

can be written as the SOCCP with F(z,y,() = f(x)—y as follows: InSOCP (3.6.1), let z = 2'—2"

’

with 2/ € R and 2” € R, and denote 2 := (7,) € 5)?19, where R} is the n-dimensional nonnegative
orthant. Moreover, define § : R25 — R by 0(2) = 0(z' — 2”), and 4 : 25 — R by 4(2) = v(2/ — 2").
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Then SOCP (3.6.1) can be reformulated as
Minimize 6(2)
subject to (7(z)> € K x R%,

and the KKT conditions for (3.6.2) are written as

Setting

([ (i B 4(2)
v <z> v= <X2>’ fa) = (vé(;:«) = va(;z)x)’

(3.6.2)

(3.6.3)

(3.6.4)

the KKT conditions (3.6.4) for SOCP (3.6.1) can be reduced to the SOCCP with F(x,y,() =
f(z) —y. Note that the KKT conditions (3.6.4) for SOCP (3.6.1) contain more variables than
the original KKT conditions. Furthermore, some desirable properties of the functions involved in
SOCP (3.6.1) may be lost. For example, even if § and  in SOCP (3.6.1) are strictly convex, 6 and

4 in (3.6.2) are merely convex. Hence, it would be useful to develop a method that can directly

deal with the original KKT conditions, or more generally, SOCCP involving the function F(x,y, ()

which is not restricted to be of the form F(z,y,() = f(x) — y.

In Sections 2.3 and 2.4, it is also assumed that K = K™. For the general case where K =

KM ox - x K H,, . (x,y) and VH,, .(z,y) are given by

ou(zt,yh)
H,u,e(x7y) = m m ’
ou(z™, y™)
fe(z) —y
I — diag{VP,(2) —y))}7y Vf(zx)+el
VH,(2,y) = : Mj e 1 ’
diag{V P, (27 —y’)}7L, —1

where z = (z!,...,2™) € R x - - x Ry = (y},...,y™) € R™ x - x R and diag{V P, (27 —
y7)}™, denotes the block-diagonal matrix with block elements VP, (2 — y7). Moreover, the defi-

7j=1
nition (3.4.12) of A(z) is replaced by

Az) = { (i,jgneirzl(z)p‘i(z])\ (Z(2) #0
0

0 (Z(2) =
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where z = (z1,...,2™) € R™ x ... x R \;(27) (i = 1,2) are the spectral values of 27/, and
I(2) € {1,2} x {1,...,m} is the index set defined by Z(z) := {(,7) | \i(2?) # 0}. Then, we can

also show that Theorems 3.4.1 and 3.4.4 hold for monotone f in a similar way.



Chapter 4

A matrix splitting method for
symmetric affine second-order cone

complementarity problems

4.1 Introduction

In this chapter, we focus on the symmetric affine SOCCP:

Find zeR"
such that 2 €K, Mz+qec K, 2/ (Mz+q) =0, (4.1.1)

where M € R™*" and g € R™ are a given symmetric matrix and a vector, respectively, and I C R"

is the Cartesian product of SOCs, i.e.,
K=K"xK™ x...x K"

with n =ni + ng + - - - + n,y,. For instance, the KKT conditions for the Lagrangian dual problem
of the SOCP:

1
Minimize izTQz +cl'z

subject to Az+be K

can be written in the form of symmetric affine SOCCP (4.1.1), where @ is a symmetric positive
definite matrix. Throughout the chapter, we often denote SOCCP (4.1.1) as SOCCP (¢, M, K).
Recently, several methods have been proposed for solving SOCCPs. One of the popular ap-
proaches is to reformulate the SOCCP into an equivalent nondifferentiable minimization problem
and solve it by smoothing methods [15, 19, 43, 57]. Such an approach is motivated by smoothing
methods for nonlinear complementarity problems [12, 16, 69, 101]. However, smoothing methods
may sometimes be expensive computationally for large scale problems, and hence, methods exploit-
ing particular features of matrices such as the sparsity and the block structure are required. In this

chapter, we propose an approach based on a matrix splitting method for the affine SOCCP.
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In matrix splitting methods, we represent the matrix M as the sum of two matrices B and
C where B has a certain simple structure. Then, by solving subproblems involving the matrix
B successively, the method generates a sequence converging to a solution of the original problem.
Historically, matrix splitting methods have been used to solve the system of linear equations [46].
Several splitting schemes such as Jacobi, Gauss-Seidel, and the successive overrelaxation (SOR)
methods have been suggested and various parallel algorithms have been developed on the basis
of those matrix splitting schemes. Subsequently, those methods have been extended to the linear
complementarity problem (LCP) and the affine variational inequality problem [24, 63, 77, 78, 79,
123].

In this chapter, we extend the matrix splitting method [24] for LCP to SOCCP. Especially, we
propose to adopt the block SOR method. The block SOR method for LCP generates subproblems
that can be solved easily by simple substitution operations. However, if the method is applied
to SOCCP in a direct manner, generated subproblems need not be tractable in general. We will
present a special block SOR method for SOCCP in which generated subproblems possess certain
particular structures. In our approach, the subproblems are transformed into equivalent single
variable equations by exploiting the special structures of subproblems, and then, those equations
are solved efficiently by adopting some idea used in the trust region method.

The chapter is organized as follows: In Section 4.2, we describe the basic matrix splitting
method for affine SOCCPs, and give conditions for the method to be convergent. In Section 4.3,
we present the block SOR method as a particular realization of the basic splitting method of Section
4.2. In Section 4.4, we give a concrete procedure to solve subproblems of the block SOR method.
In Section 4.5, we report numerical results with the proposed method. Finally, we conclude the

chapter in Section 4.6.

4.2 Matrix splitting method and its convergence

In this section, we extend the matrix splitting method for LCP to SOCCP, and study its convergence
property. Let the symmetric matrix M be represented as the sum of two matrices B € R"*" and
C e R™" e,

M =B+C, (4.2.1)

where B and C need not be symmetric. Such a pair (B, () is called a splitting of M. The basic
algorithm of the matrix splitting method for the SOCCP is stated as follows:

Algorithm 4.2.1
Step 1. Choose a splitting (B,C) of M and an initial point 2° € K. Set k := 0.
Step 2. Solve the following affine SOCCP:

Find zeR"
such that z € K, Bz+q¢" € K, 27(Bz + ¢*) =0, (4.2.2)



4.2 Matrix splitting method and its convergence 45

where
¢ = q+ C7F (4.2.3)

Let 2F1 be a solution of problem (4.2.2).
Step 3. If 2Kt = 2F | terminate. Otherwise, return to Step 2 with k replaced by k + 1.

It is particularly important to choose a splitting (B, C') so that SOCCP (4.2.2) can be solved effi-
ciently and the sequence {z¥} generated by the algorithm converges to a solution of SOCCP (4.1.1).

Next, by extending the convergence theory of splitting methods for LCP [24, 63] to SOCCP, we
give conditions for Algorithm 4.2.1 to be convergent. The following two definitions are necessary

for describing the conditions.

Definition 4.2.1 If SOCCP (q, B, K) has a solution for any ¢ € R™, then B is called a K-Q-matriz.
Moreover, if B is a K-Q-matriz, then (B,C) is called a K-Q-splitting.

Definition 4.2.2 If B—C is positive (semi-)definite, then the splitting (B, C) is said to be (weakly)

reqular.

It is evident from the definition that SOCCP (4.2.2) always has a solution if (B,C) is a K-Q-
splitting. On the other hand, the regularity of the splitting (B,C') plays an important role in
discussing the convergence property of Algorithm 4.2.1.

In the remainder of the section, we will show that, if (B, C') is a regular K-Q-splitting, then the
sequence generated by Algorithm 4.2.1 converges to a solution of SOCCP (4.1.1). The process of
convergence analysis may seem similar to that for LCP [24]. However, they are different in many
respects since the complementarity condition for SOCCP cannot be decomposed into more than m
blocks (m is the number of SOC comprising K), while LCP can be decomposed into n blocks, i.e.
(Mx+¢q); >0,2; >0, x;(Mz+q); =0, i =1,...,n. The subsequent analyses are concerned with
SOCs, but they can be also applied to general self-dual cones.

Now, we first introduce function 6 : R” — R defined by

1
0(z) := §zTMz +q" 2.

This function serves as a merit function on K for SOCCP (4.1.1) since matrix M is symmetric
and hence a minimizer of § on K solves SOCCP (4.1.1). In the subsequent discussions, we will use
function # in order to monitor the progress of the algorithm. The following lemma gives a sufficient

condition for the sequence {#(z*)} to be nonincreasing.

Lemma 4.2.1 Let (B,C) be a weakly regular K-Q-splitting of the symmetric matriz M. Let {z*}
be a sequence generated by Algorithm 4.2.1. Then, we have for each k

9<2k) _ 9(2k+1) > (Zk _ ZkJrl)T(B . C)(Zk . ZkJrl) > 0. (4.2.4>

N =

In particular, if (B, C) is a regqular KC-Q-splitting, then the second inequality in (4.2.4) holds strictly

whenever z¥ # 2**1and moreover 0(2F) = 0(2F1) if and only if 2F = 2+,
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Proof. By (4.2.1), (4.2.3) and the symmetry of M, we have

1
Q(Zk) _ 9(2k+1) _ (Zk _ zk+1)T(q+Mzk+1) + 5(zk: _ zk+1)TM(Zk _ Zk—f—l)
_ (Zk _Zk+1)T(q+ (B+C)Zk+1)

+ %(Zk - ZkJrl)T(B _ C)(Zk _ ZkJrl) + (Zk _ ZkJrl)TC(Zk _ Zk+1)

— (Zk _ ZkJrl)T(qk +sz+1) + %(zk _ zk+1)T(B _ C)(Zk _ ZkJrl)‘

Moreover, (2%)T (g% + B2**1) > 0 since 2* € K and ¢* + BzF*! € K, and (2¥*1)T(¢F + BzF1) =0
since z¥*1 is a solution of SOCCP (4.2.2). We then have (z* — 2**1)T (g% + Bz¥+1) > 0 and hence

Q(Zk) o Q(Zk'H) > %(Zk _ Zk+1)T(B _ C)(Zk _ Zk+1).

The second inequality in (4.2.4) holds from the positive semidefiniteness of B—C'. The last assertion
of the lemma is obtained by the fact that the regularity of (B, C) implies the positive definiteness
of B-C. [

The above lemma leads to the following theorem.

Theorem 4.2.1 Let (B,C) be a regular K-Q-splitting of the symmetric matriz M. Then, any ac-
cumulation point of the sequence {z*} generated by Algorithm 4.2.1 is a solution of SOCCP (4.1.1).

Proof. Let Z be an arbitrary accumulation point of the sequence {z*} generated by Algorithm
4.2.1 and {z¥} be a subsequence of {z*} converging to Z. Then, by the continuity of §, the sequence
{6(z*)} converges to A(Z). In addition, the entire sequence {6(z*)} is bounded below, since {f(2*)}
is nonincreasing from Lemma 4.2.1 and the subsequence {#(z")} converges. Consequently, the
sequence {6(z*)} itself converges. This fact, along with the positive definiteness of B — C' and
the inequality (4.2.4), yields that {z* — 2**1} converges to 0. Hence, the sequence {z**1} also

ki+1

converges to Z. Since z satisfies

Zhitl K
Bkt 4 ok 4 qg €K

(zki+1)T(szi+1 + O+ q) =0,

m m

passing to the limit reveals that Z is a solution of SOCCP (4.1.1). [

This theorem indicates that, if a sequence {z*} generated by Algorithm 4.2.1 has an accumulation
point, then it is a solution of SOCCP (4.1.1). However, the theorem says nothing about the existence
of an accumulation point. In order to show the boundedness of {z*}, we introduce the following

concept on M.

Definition 4.2.3 A matriz M € R™" is said to be (strictly) K-copositive if 2T Mz >(>)0 for all
z € K\{0}.
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The concept of (strict) K-copositivity is a natural extension of the (strict) copositivity in the LCP
theory [24]. It is easily seen that any positive semidefinite matrix is K-copositive and any positive
definite matrix is strictly K-copositive. Using this definition, we establish the main theorem in this

section.

Theorem 4.2.2 Let M be a symmetric matriz, and q be an arbitrary vector. If M is strictly
K-copositive, then, for any initial point 2° € K, the sequence {z¥} generated by Algorithm 4.2.1
with regular K-Q-splitting (B, C) is bounded, and its arbitrary accumulation point is a solution of

SOCCP (4.1.1).

Proof. From Theorem 4.2.1, if the generated sequence has an accumulation point, it is a solution
of SOCCP (4.1.1). Hence, it suffices to show the boundedness of the sequence {z*}.
Since M is strictly K-copositive, we have

o := min ¢! Me > 0,

llefl=1

eckk
that is, we have for any z € K
Mz > o|z|% (4.2.5)
Therefore, we have for all k
0(=") = 6(<")
1
— i(zk)TMZk—i-qTZk
1
> 50\!2"“\\2 — llallll=*]

IR 2 T S S B
= 5o (141 = ~llall)” = 5 llall”.

where the first inequality follows from Lemma 4.2.1, the second inequality follows from (4.2.5),

{z*} c K and the Cauchy-Schwarz inequality. This inequality readily yields

1 2 1
241 < gl + \/ = (060 + 5o lal?)

for all k, which shows the boundedness of {z*}. n

4.3 Block SOR method

In the previous section, we have shown that, under the assumption that M is strictly K-copositive,
a sequence generated by Algorithm 4.2.1 with any regular K-Q-splitting (B,C) converges to a
solution of SOCCP (4.1.1). In this section, we present the block successive overrelaxation (block
SOR) method for solving affine SOCCPs by extending the corresponding method for LCPs [24]. In
particular, we give conditions for a splitting (B, C) used in the block SOR method to be a regular
K-Q-splitting. In this and the next sections, we suppose that the following assumption holds.
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Assumption A The symmetric matric M € R™*" is positive definite.

Note that the matrix M is strictly K-copositive under this assumption.

First, we give an explicit expression of the splitting (B, ). Let the matrix M be partitioned

as
My My -+ Mg
Moy Moo My,
M = . .
Mml Mm2 e Mmm

with M;; € "™, Then, the splitting (B, C) used in the block SOR method is represented as

Bn 0
M1 B
My1 ... ... Mpum—1 Bmm
where B;; are chosen appropriately for ¢ = 1,...,m. Since B is chosen to be a block lower triangular

matrix, we can solve SOCCP (4.2.2) successively as follows: Let z and ¢* in SOCCP (4.2.2) be

partitioned as

z1 qlf
k .
Z = ’ q = . ’
Zm an

where z; € R"and ¢¥ € R®",i = 1,...,m. Then the decomposable structure of SOC constraints [57,
Proposition 2.2] yields that SOCCP (4.2.2) is equivalent to the problem of finding z € R" such that

z € K™, Bz + le e K™, ZZT(BMZZ + Tf) =0 +=1,...,m, (4.3.2)
where
q¥ if i =1,
- i—1
L > Mijzj+qf ifi>2.
j=1
We can solve problems (4.3.2) for z; recursively from i = 1 to i = m, by regarding z1, ..., z;—1 and
r* as known constants.

i

In the block SOR method for LCP, the block diagonal elements B;; are normally chosen as
Bj; := w1 M;; with a constant w € (0,2). However, in the case of SOCCP, subproblems (4.3.2)
may not be solved efficiently if B;; = w™'M;;. Here, we propose to choose Bj; as follows: To
simplify the notation, we introduce the function I : R*¢ x (0, 4-00) x [0, 4-00) — R*¢ defined by

wtay =1

A ,w,y) = -1 T 4.3.3
(4,w,7) (wa1 2 ) (59, (4.3.3)
~yas,  w Az
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where w > 0, v > 0, and A € R is given by

()
- (4.3.4)

az Az
with a1 € R, ag € R and Az € RE-D*ED) Using this function, we let
By := T'(My;,w, ).

SOCCP (4.3.2) can be solved efficiently by exploiting the particular structure of B;; = I'(M;, w, ),
as will be shown in the next section. Our method involves two parameters, and hence may be called
a modified block Gauss-Seidel method with diagonal elements defined by AOR-like splitting [51].
Nevertheless, we emphasize that our method is a natural extension of block SOR method for NCP
to SOCCP.

Next we consider conditions for the splitting (4.3.1) with By; = I'(Mj;,w,7) to be a regular

K-Q-splitting. To this end, we give a lemma and a proposition in the following.

Lemma 4.3.1 Let A € R be a positive definite symmetric matriz given by (4.3.4) and (G, H)
be a splitting of A given by

G =T(Aw,y), H=A-T(A4uw,7).
Suppose that w and v satisfy either of the following conditions:

(a) v>1 and 0 <w <2/,
(b) v=1 and 0 <w < 2,
() 0<y<1and 0 <w<2/(2—7).

Then the matriz G is positive definite and the splitting (G, H) is regular.

Proof. Since the lemma holds evidently for £ = 1, we only consider the case £ > 2. Note that, for
any symmetric matrix A € R** given by (4.3.4), the following relation holds [59, Theorem 7.7.6] :

A is positive definite <= a; > 0 and Az — a] 'azal is positive definite, (4.3.5)

where the matrix Az — aflagag is called the Schur complement of A with respect to a.

We first show the positive definiteness of G by showing the positive definiteness of

Tl (v/2)a] ) |

Since it holds evidently when v = 0, we only consider the case where v > 0. First we note that

S 1> (4.3.6)



50 Chapter 4 A matrix splitting method for symmetric affine SOCCPs

for all cases (a), (b) and (c). The Schur complement of (G'+G7)/2 with respect to w™'a; is written

as
2 T 2 T
wla, - T/ Maas @y {( 1 1) As + <A3 _ 2% ) } : (4.3.7)

wLlay 4 w22 ai

which is positive definite from (4.3.5) and (4.3.6). This together with w™'a; > 0 implies the positive
definiteness of (G + GT)/2.
We next show the regularity of (G, H) by showing the positive definiteness of

Qo Dar (- 1)ad )
(v —1agy (2w™! —1)A;3 '

sle-mr@-mr) = (

Note that the Schur complement of ((G — H)+ (G — H)T) /2 with respect to (2w™! —1)a; is written

as

(v — 1)%azad

(2w —1)A5 — T T
1 -1 2 2 2 agag
= 5T [{(Qw -)"=(-1 }A3+(’y—1) <A3— o )] ' (4.3.8)

Moreover, Az and Az —aj 'agad’ are positive definite, and w='—1 > 0 and (2w —1)2—(y—1)2 > 0
for all cases (a), (b) and (c). Hence, the matrix given by (4.3.8) is positive definite. This together
with (2w™! — 1)a; > 0 implies the positive definiteness of ((G — H) + (G — H)T) /2. [

Proposition 4.3.1 Suppose that G € R%¢ is a positive definite matriz. Then, G is a KQ-matriz,
and the solution of SOCCP (p, G, KY) is unique for any p € RE.

Proof. Let us define function F' by F'(x) := Gz + p. Then, F' is strongly monotone since G is
positive definite. Moreover, we note that SOCCP (p, G, Kt ) is equivalent to the following variational
inequality problem :
Find z e K*
such that F(z)T(y—z) >0 Vye K"

Since any variational inequality problem with strongly monotone function has a unique solution [52,

Corollary 3.2], we obtain the desired result. [

Using the above lemma and proposition, we give conditions for (4.3.1) with B;; = I'(M;;,w, ) to
be a regular K-Q-splitting.

Theorem 4.3.1 Let the splitting (B,C) of M be given by (4.3.1) with By = T'(M,w,y), i =
1,...,m. Suppose that w and v satisfy either of the following conditions:

(a) v>1 and 0 <w <2/,

(b) v=1 and 0 <w < 2,

() 0<y<1and 0 <w<2/(2—7).
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Then (B, C) is a reqular K-Q-splitting.
Proof.  Let (B;;, Ci;) be a splitting of M;; where B;; = I'(M;;,w,v) and C;; = M;; — B;i. By
setting A := My;, G := B;; = I'(M;;,w,~) and H := Cy; = M;; — I'(M;,w,) in Lemma 4.3.1, we
obtain the positive definiteness of B;; and the regularity of the splitting (B;;, Cj;).

Using these results, we show that (B, C) is a regular -Q-splitting. We first show the regularity

of (B, (). Since M is symmetric and B is block lower triangular, B — C' can be written as
B —C = diag{Bj — Cis}i%y + L — L",

where diag {B;; — Cj; }7*, denotes a block diagonal matrix whose diagonal elements are B;; — Cjj,
and L € R™*" is the strictly block lower triangular part of M. Then, we have for any 2z € R"\{0}

(B —0)z = 2T (diag {By; — Cy;} )z + 2T Lz — 2T LT 2
m
= > %" (Bi— Cii)zi
i=1
> 0,
where the inequality follows from the regularity of (B;;, C;;). Hence, the splitting (B, C) is regular.
We next show that B is a K-Q-matrix. Since By; is positive definite, we have from Proposition 4.3.1
that the matrix B;; is also a K"-Q-matrix. Note, moreover, that the solution of SOCCP (4.2.2)
is obtained by solving SOCCP (4.3.2) recursively from ¢ = 1 to ¢ = m, and that each SOCCP is
solvable since Bj; is a K™-Q-matrix. Hence, the whole SOCCP (B, ¢, K) is solvable for any ¢, that

is, B is a K-Q-matrix.

4.4 Solving subproblems

In the previous section, we have shown that SOCCP (4.2.2) can be decomposed into m subproblems
(4.3.2) by choosing the splitting (B, C) as in (4.3.1). We have also derived conditions for Algorithm
4.2.1 with the splitting (4.3.1) to be convergent. In this section, we propose a method for solving
these m subproblems (4.3.2) efficiently. In order to simplify the notation, we consider the following

SOCCP in which superscripts and subscripts are omitted :

Find ze R
such that ze K Bz+reKkt, T(Bz+r) =0, (4.4.1)

where B is a positive definite matrix of the form

T
g (b0 (4.4.2)
by Bs

with by € R, by € R and a symmetric matrix B € RED*E=1) Notice that each subproblem
(4.3.2) reduces to SOCCP (4.4.1) when the parameters w and v used in the splitting (4.3.1) with



52 Chapter 4 A matrix splitting method for symmetric affine SOCCPs

B;; = T'(M;;,w, ) satisfy the assumptions of Theorem 4.3.1. In addition, SOCCP (4.4.1) has a
unique solution from the positive definiteness of B and Proposition 4.3.1. When ¢ = 1, we can
easily obtain the solution of (4.4.1) as z = max(0, —r/B). So we will consider the case ¢ > 2.

The following three cases are possible for a solution z* of SOCCP (4.4.1):

(i) z* =0,
(ii) z* € int K,
(iii) 2* € bd K%\ {0},
where int K¢ and bd C¢ denote the interior and the boundary of K¢, respectively. Since z* € K¢, it is
clear that no other cases are possible for a solution of (4.4.1). To solve SOCCP (4.4.1) efficiently, it

will be helpful to detect which case applies to the solution z*. To this end, we provide the following

proposition.
Proposition 4.4.1 Let z* be the unique solution of SOCCP (4.4.1). Then,

(a) case (i) holds if and only if r € K*;
(b) case (i) holds if and only if —B~'r € int K*. Moreover, we have z* = —B~'r;
(c) case (iii) holds if and only if r ¢ K¢ and —B~'r ¢ int K.

Proof.  We first show (a). If z* = 0 solves SOCCP (4.4.1), then we have Bz* +r = r € K*.
Conversely, if r € K¢, it is easily seen that z* = 0 solves SOCCP (4.4.1). We next show (b). If case
(ii) holds, then we have Bz* 4+r = 0, which implies z* = B~'r. Conversely, if —B~'r € int K, it is
easily seen that 2* = —B~!r solves SOCCP (4.4.1). We must have (c) from the existence and the

uniqueness of the solution. This completes the proof. ]

This proposition indicates that, if » € K¢ or —B~!r € int K, then we can readily calculate the
solution of SOCCP (4.4.1).

Now, we describe a method of finding the solution of SOCCP (4.4.1) when case (iii) holds. Note
that we have Bz* +r € bd k! since the solution z* belongs to bd K¢\ {0} and the inner product

of z* and Bz* + r is equal to 0. Thus, we can write z* and Bz* + r as

= A(i}) (4.4.3)
Bz +1r = u( 1~>, (4.4.4)

where A > 0, p > 0 and @ is an (¢ — 1)-dimensional vector such that ||@| = 1. Generally, it is
not easy to find z* satisfying (4.4.3) and (4.4.4) simultaneously. Nevertheless, when B is given by
(4.4.2), we can exploit the special structure of B to compute the solution z* as follows: Substituting
(4.4.2) and (4.4.3) into (4.4.4), we have

Ab + 1 7
= 4.4.5
()\bg + ABsw + 7’2) <—,U,’LT)> ’ ( )
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where r = (r1,72) € ® x R~L. Eliminating p in (4.4.5), we have
—{A(b1I + B3) + ril}w = Aby + ro. (4.4.6)

Moreover, A\b; 4+ r1 = p together with A > 0, p > 0 and b; > 0 from the positive definiteness of B
yields

A > A = max{0,—r /b1 }.
Let us define function H : ® — RE-D*(E1) py
H(\) := A0l + Bs) + 1. (4.4.7)
If H()) is nonsingular, then (4.4.6) can be rewritten as
W = —HN) " (\bg + 13). (4.4.8)

Thus, if we find a A\* such that [|[H(A\*) " (A\*ba +72)|| = 1 and A\* > Ap, then we obtain z* by (4.4.3)
and (4.4.8).

If 1 = 0, then the equation ||H(A)~1(Aby +72)|| = 1, together with H()\) = A(b1] + Bs), yields
the single variable quadratic equation A2(1 — ||g||?) — 2Ag” h — ||h||> = 0, where g := (by] + B3) ™'y
and h := (b1I + B3) " 1ry. Since A* > A\, =0 and ||g|| < 1 from the following lemma, \* is given by

_—g"ho+ (TR + [P = llgl?)

A*
1—{lgl®

(4.4.9)

Lemma 4.4.1 Let B be an arbitrary positive definite matriz given by (4.4.2), and g := (b1 +
Bs)~tby. Then, we have ||g| < 1.

Proof. Let v:= (1,—¢")”. Then we have

vI' By = b1 — gTbg + gTng
= b1 — gT(bl.T + Bg)g + gTng
= bi(1—gl*).

Since v # 0 and B is positive definite, we have by > 0 and b1(1 — ||g||?) > 0, which imply ||g|| < 1.

Since z* can be easily obtained by (4.4.9), (4.4.8) and (4.4.3) when r; = 0, we suppose r; # 0
in the subsequent discussions. The following proposition gives a sufficient condition for H(\) to be

nonsingular.

Proposition 4.4.2 If r| # 0, then the matriz H(\) defined by (4.4.7) is positive definite for any
A> AL
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Proof. Note that by > 0 and Bj is positive definite since B is positive definite. If r; > 0, then
Az = 0 and hence H(A) = A(b1] + Bs) + r11 is positive definite for any A > Ap. If 11 < 0, then
Arp = —r1/by > 0 and hence H(\) = ABs + by (A + r1/b1)1 is positive definite for any A\ > Ar. m

Now, let us define functions w : [\, +00) — R~ and ¢ : [A\r, +00) — R by

w(A) == —H\) " (Abg 4 72), (4.4.10)
[w(N)]]. (4.4.11)

<

—~

=
I

Then, our purpose is to find a solution A* > Ay, of the following single variable equation :
PY(A) = 1. (4.4.12)
First we confirm that such a solution always exists.

Proposition 4.4.3 Suppose that case (iii) holds and r1 # 0. Then we have (a) ¥(Ar) > 1 and (b)
im0 ¥(A) = [|(b1] + Bs)~'ba|| < 1.

Proof.  Since (b) can be easily obtained from (4.4.10) and Lemma 4.4.1, we only show (a).
Assume to contrary that ¢(Ar) < 1. Then, it suffices to show that either case (i) or (ii) holds,
since the solution exists uniquely. When r; > 0, we have from w(\z) = w(0) = —r'ry that
1> (Ag) = ||w(0)|| = ||2]|/r1. This implies r € int K¢ C K, that is, case (i) holds. When 7 < 0,
(4.4.10) and (4.4.11), together with by > 0, 7; < 0 and A, = —r1b; ', yield

_ = B3 (r2 — by o))
—T‘lbl_l

< 1,

P(AL)

which implies

—riby! )
€ int K*. 4.4.13
(—331(7“2 — T1b11b2)> ( )

The vector in (4.4.13) equals —B~!r since the following equality holds identically :

by 0T —ribyt [
by Bs —Bgl(’l“g — T‘lbflbg) 79 ’
Hence, we have —B~'r € int K¢, that is, case (ii) holds. ]

Since function v is continuous for A > Ay, Proposition 4.4.3 guarantees the existence of A\* > Ap, sat-
isfying (4.4.12). Actually, such a A* must exist uniquely since A* gives a solution of SOCCP (4.4.1),
which exists uniquely from the positive definiteness of B and Proposition 4.3.1.

Now, we present a procedure for finding a solution \* > Ar of equation (4.4.12), which is a
Newton type method incorporating the bisection method as a safeguard strategy. In particular,
instead of applying Newton’s method to (4.4.12) directly, we will adopt a more efficient method

that is reminiscent of an approach well-known in the trust region literature [22, Chapter 7].
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Define function ¢ : [A, +00) — (=1, 400] by

PN =1 0 Pp(N) >0
o) = { +o0 if 1h(\) = 0.

Then, the nonlinear equation
d(A\) =0 (4.4.14)

is equivalent to (4.4.12). We aim to solve (4.4.14) instead of (4.4.12) since function ¢ is expected
to behave better than v [22].

The iterative formula of Newton’s method for the nonlinear equation (4.4.14) is given by
()
¢'(Az)°

where ¢’ denotes the derivative of ¢. The derivative ¢’ is obtained by

/ ]‘ !
o) = {ku)n - 1}
W) (\)
OIE
CwNTHN) (bl + Bs)w(A) + by}
- POIE ’

A1 = Aj (4.4.15)

(4.4.16)

where the last equality follows from
(b1 + B3)w(\) + H\)w'(X) = —bo,

which is obtained by differentiating both sides of H(A)w(A) = —(Aby + 71). Since H(\) is positive
definite for any A > Az, by using the Cholesky factorization H(\) = R(A\)R(\)T with R()\) being

upper triangular [47], we may rewrite the formula (4.4.15) as follows:

1 Jw(X)1?
<||W(>\j)|| ) w(Aj)T(R(A)T)7TR(A;)"H (b1 ] + B3)w(Aj) + ba}

w ; 2
= X+ (o)l - ”M

where u(\) = R(\)"lw()\) and v(\) = R(\)"H{(b1I + B3)w()\) + by}. Summarizing the above
arguments, we have the following procedure for solving SOCCP (4.4.1).

Procedure 4.4.1
Step 1. Ifr € K! (case (i), set z* := 0 and terminate.
Step 2. If —B~!r € int K* (case (ii)), set z* := —B~'r and terminate.

Step 3. Otherwise (case (iii)), calculate z* as follows:
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Step 3-0. Ifry # 0, then go to Step 3-1. Otherwise, calculate vectors g and h such that (b1 I+
Bg3)g = by and (b1l + B3)h = 2. Set A* := (—gTh+ ((g7R)* + [[R]*(1 = [|g|I*)"/?)/(1 -
lgl1?) and z* := X*(1,w(\)T)T. Terminate.

Step 3-1. Let Ao := AL, ap := AL and [y be a scalar such that By > A, and ||lw(Bo)| < 1.
Set j := 0.

Step 3-2. Factorize H(\;) = RRT. Let R := R.
Step 3-3. Calculate w’ such that R/ (R7)Twl = —(\jby + 12).

Step 3-4. If |wf|| = 1, then set z* := X\;j(1, (w))T)T and terminate. If |w3|| > 1, then let
aji1 = Aj and Bjr1 = Bj. If ||[w|| < 1, then let aj11 == aj and Bji1 = A;.

Step 3-5. Calculate v/ such that Riu! = w.
Step 3-6. Calculate v/ such that R/v/ = (byI + B3)w’ + by.

Step 3-7. Let 5\j+1 = )\j + (H’U)j” — I)ijHQ/((uj)ij). If S\j_;,_l S (Oéj.;_l,ﬁj_;,_l), then let
Aj+1 := Ajy1. Otherwise, let N\j11 := (aji1 + Bj41)/2. Set j := j +1 and go back to
Step 3-2.

This procedure is used in Step 2 of Algorithm 4.2.1 to solve subproblem (4.3.2). In practice, we
may set [y := 400, and then compute 3; < 400 such that ||w(5;)|| < 1 only when it becomes
necessary for the first time.

Since a bisection-type safeguard strategy is combined with Newton’s method, Procedure 4.4.1
is guaranteed to be globally convergent. Note that, when the parameter v is chosen to be 0
in the splitting (4.3.1) with B;; = I'(M;;,w,vy), SOCCP (4.3.2) reduces to SOCCP (4.4.1) with
ba = 0, and the convergence is ensured even without using the safeguard strategy. In fact, since
H(A) 7Y (biI + Bs) = M +71 (b1 + B3) ™! is positive definite for any A > Az, it follows from (4.4.16)
with bg = 0 that ¢/(\) > 0, and hence, function ¢ is monotonically increasing on the interval
[AL, +00). We can further show that ¢ is concave on the interval [Ar,, +00) by calculating the second
derivative ¢” of ¢. Thus, starting from Ay := Ap, Newton’s method generates a monotonically
increasing sequence {\;} converging to a solution A*. Furthermore, since ¢ is almost linear for
A > A1, we may expect that Newton’s method converges very rapidly [22].

On the other hand, when v # 0, convergence is not guaranteed unless a safeguard strategy
is employed, since be # 0 in (4.4.16) and hence ¢ is generally neither monotonically increasing
nor concave on the interval [Ar,+00). Nevertheless, it is worth mentioning that, as is shown in
Theorem 4.3.1, it is allowed to choose an w such that w > 1 when 0 < v < 2, whereas w must be in
(0,1] when v = 0. In view of the fact that convergence of SOR method for linear complementarity
problems is accelerated by letting w > 1[29], we may expect that Algorithm 4.2.1 performs better
when w is chosen greater than 1.

SOCCP (4.4.1) may also be solved by Newton-type methods like interior point methods. How-
ever, Procedure 4.4.1 exploits the special structure of matrix B, and hence, rapid convergence can
be expected. Indeed, the numerical results reported in Section 4.5 show that Procedure 4.4.1 finds

a solution within several iterations.
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4.5 Numerical results

In this section, we present some numerical results with the proposed algorithm. The program was
coded in MATLAB 6.5.0 and run on a computer with 3.04GHz CPU and 2GB memory. We have

conducted the following experiments:
(A) Testing Procedure 4.4.1 on SOCCP (4.4.1) of various problem sizes.
(B) Testing Procedure 4.4.1 on SOCCP (4.4.1) with various degrees of sparsity.
(C) Testing Algorithm 4.2.1 on SOCCP (4.1.1) with various values of v and w.
(D) Testing Algorithm 4.2.1 on SOCCP (4.1.1) with various Cartesian structures of K.

In experiments (A), (B) and (D), we used not only complete Cholesky factorization but also incom-
plete Cholesky factorization in Step 3-2 of Procedure 4.4.1. The complete Cholesky factorization
provides upper triangular R satisfying H(\) = RRT exactly. But, even if matrix H()) is sparse,
R is not sparse in general. On the other hand, the incomplete Cholesky factorization provides
upper triangular R such that H(A) ~ RRT. Therefore, ||w’| = || — (R/(R)T)"L(\jbe + 12)|| = 1
does not necessarily imply ||w(\;)|| = || — H(X\;) "' (Ajb2 + 72)|| = 1, and the point z* obtained by
Procedure 4.4.1 may only be an approximate solution of SOCCP (4.4.1). However, since the incom-
plete Cholesky factorization exploits the sparsity of a matrix, computational cost can be reduced
drastically when H()) is sparse. In addition, our computational experiments has revealed that,
even though subproblems (4.2.2) are solved only approximately, Algorithm 4.2.1 is able to find a
solution of SOCCP (4.1.1) in most cases.

In experiment (A), we generated 100 test problems for each ¢ = 100,200, ...,1000 and solved
each problem by Procedure 4.4.1 with complete Cholesky factorization and incomplete Cholesky
factorization. The termination criterion was ||w’/|| — 1| < 107*. In generating a test problem,
elements of vector r were chosen randomly from the interval [—1, 1], and a positive definite matrix
B of the form (4.4.2) was obtained by the following procedure: First, set A = NNT + D, where
N is a square matrix whose nonzero elements are chosen randomly from the interval [—1,1], and
D is a diagonal matrix whose diagonal elements are chosen randomly from [0.01,1]. Then, let
B :=T(A,1,2), where I" is defined by (4.3.3). In this procedure, the number of nonzero elements of
N is determined so that the nonzero density of matrix B becomes approximately 5%. We show the
results in Table 4.1, where ¢ denotes the number of variables, fiter denotes the number of iterations,
and cpu(s) denotes the CPU time in second. The left column labeled comChol corresponds to the
case where the complete Cholesky factorization was employed, while the right column labeled
incChol corresponds to the case where the incomplete Cholesky factorization was employed. In
particular, the number of iterations and the CPU time are the averages of 100 trials for each ¢. We
may observe that the number of iterations stays almost constant regardless of the problem size,
although the CPU time grows with the problem size.

In experiment (B), we generated 100 test problems for each nonzero density 0.2%, 0.5%, 1%,
2%, 5% and 10%, where the problem size ¢ was fixed to 1000. The termination criterion and the
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Table 4.1: Results for Procedure 4.4.1 applied to SOCCPs (4.4.1) of various problem sizes

comChol incChol
¢ fiter cpu(s) | fiter cpu(s)
100 | 4.40 0.008 | 4.53 0.006
200 | 4.70 0.048 | 4.84 0.022
300 | 4.96 0.179 | 5.12 0.057
400 | 4.99 0.436 | 5.33 0.125
500 | 5.09 0.872 | 5.28  0.232
600 | 5.25 1.707 | 5.51  0.407
700 | 5.18 2555 | 5.36  0.619
800 | 5.29 3.809 | 5.36 0.932
900 | 5.26 5.362 | 5.48 1.343
1000 | 5.31  7.264 | 5.65 1.875

procedure for generating B and r were similar to experiment (A). We show the results in Table
4.2, where dens denotes the (approximate) nonzero density of matrix B, fiter denotes the number
of iterations, and cpu(s) denotes the CPU time in second. Each number is the average of 100 trials
for each nonzero density. As shown in Table 4.2, the sparsity of matrix B affects the number of

iterations only slightly, but reduces the computational cost drastically.

Table 4.2: Results for Procedure 4.4.1 applied to SOCCPs (4.4.1) with various degrees of sparsity

comChol incChol
fiter cpu(s) | fiter cpu(s)
0.2% | 3.89 0.024 | 4.01 0.055
0.5% | 454 0.561 | 447 0.118
1% | 4.83 2617 | 4.85 0.277
2% | 5.12  5.085 | 5.12  0.682
5% | 5.32 7.531 | 5.52  1.858
10% | 5.43 8952 | 5.80 3.533

dens

In experiment (C), we solved SOCCP (4.1.1) with various values of parameters v and w used
to determine the splitting (B,C), by incorporating a block SOR method and Procedure 4.4.1
into Algorithm4.2.1. Specifically, we tried all possible combinations of (w,~) € {0.1,0.2,...,1.9}
x{0,0.5,1.0,1.5,2.0}. The underlying SOC K was fixed to be K2 x ... x K29 c R4, We solved
different 100 test problems for each pair (w,~y) with data (M, q) randomly generated as follows:
Elements of vector ¢ were chosen from the interval [—1, 1], and a symmetric positive definite matrix
M, whose nonzero density was controlled to be approximately 1%, was given by M = NNT +

D, where N and D are matrices obtained in a way similar to experiment (A). The termination
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criterion was [|2¥+1 — 2F|| < 107%, and the complete Cholesky factorization was used in Step 3-2
of Procedure 4.4.1. We show the results in Table 4.3. The numbers in the table show the average
numbers of iterations taken over the successful trials for each pair (w,~). We see that the algorithm
converges most rapidly when w = 1.1 for every . Note that the combinations of (w,~y) marked
with parentheses in the table do not satisfy the assumptions of Theorem 4.3.1, and hence, the
convergence is not guaranteed for such (w,~). In fact, the numbers in the parentheses show how
often the algorithm with such (w,~) failed to converge. Nevertheless, we were able to obtain the
solution in most instances even if the convergence of the algorithm was not assured theoretically.

The results suggest that it is possible to weaken the assumptions of Theorem 4.3.1.

Table 4.3: Results for Algorithm 4.2.1 applied to SOCCPs (4.1.1) with various choices of (w, )

w\7y 0 0.5 1.0 1.5 2.0
0.1 321.61 323.26 335.16  323.47 336.67
0.2 164.24 169.03 160.09 161.46 164.66
0.3 104.50 104.59  106.34  104.08 104.13
0.4 76.63 77.89 76.73 78.18 78.40
0.5 59.71 57.71 59.35 59.51 59.88
0.6 47.22 45.77 46.62 45.41 45.34
0.7 38.54 37.13 38.10 37.40 35.84
0.8 30.02 30.17 29.02 28.35 29.19
0.9 25.95 24.30 23.68 23.00 22.98
1.0 20.32 19.54 18.30 18.73 19.72
1.1 | 17.88(0) 17.65 16.97 17.25 18.33(0)
1.2 | 18.750) 1845 1841  19.07  20.31(0)
1.3 | 21.300) 2092  21.21 2147  22.62(0)
14 | 25.380) 24.380) 2443 25.1800)  26.34(2)
1.5 | 31.39¢00) 30.34(0) 29.53  31.70(0) 31.19(2)
1.6 | 41782 37.930) 37.81 39.510)  39.82(0)
1.7 | 53.980) 51.930) 5199 54.821)  55.77(6)
1.8 | 81.59(2) 77.21(0) 73.64  75.50(1) 79.71(6)
1.9 | 135.04(2) 147.93(1) 128.84 128.33(2) 152.04(14)

In experiment (D), we solved SOCCP (4.1.1) with various Cartesian structures of K. To con-
struct SOCs of various types, we chose n; and m such that n; +---+n,, = 1600 and ny = --- = nyy,,
where m is the number of SOCs comprising I and n; is the dimension of each SOC. For each type
of IC, we solved 100 test problems, where M and ¢ were generated in a way similar to experiment
(C). In view of the results of experiment (C), we set v = 1 and w = 1.1. We let the initial point
be 20 = 0, and the termination criterion be ||z**! — 2¥|| < 1078. We show the results in Table

4.4, where the number of iterations and the CPU time are the averages of 100 trials for each type
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of K. We find that the number of iterations gradually decreases as the number m of SOCs in K
decreases. However, the whole CPU time does not decrease monotonically as m decreases, since

subproblems to be solved at each iteration become more expensive as n; becomes larger.

Table 4.4: Results for Algorithm 4.2.1 applied to SOCCPs (4.1.1) with various Cartesian structures
of K

comChol incChol

fiter cpu(s) | fiter  cpu(s)
1600 | 36.00 7.814 | 35.02  7.528

800 | 28.25 10.244 | 27.40 9.662

320 | 23.05 6.562 | 23.85  6.609

10 160 | 21.85 4.355 | 22.00  4.305
20 80 | 21.10 2.892 | 21.28  2.890
40 40 21.32 2.144 | 20.70 2.094
80 20 | 19.77 1.481 | 19.87 1.532
160 10 | 19.34 1.290 | 19.16  1.355
320 5 17.27 2.988 | 17.67  1.658
800 2 14.95 36.988 | 14.63  4.594
1600 1 11.99 175.595 | 13.13 19.179

n; m

4.6 Concluding remarks

In this chapter, we have extended the matrix splitting method for LCPs to SOCCPs and showed
that the algorithm converges under the assumption that the matrix M is strictly K-copositive.
Furthermore, we have proposed a block SOR method for solving SOCCPs with M being positive
definite, and demonstrated its effectiveness through numerical experiments. From a practical view-
point, there is room for improvement in speeding up the algorithm. In particular, it would be
highly effective if subproblems are solved in parallel. Moreover, it is desirable to develop a matrix

splitting method for SOCCPs that is convergent under weaker conditions.



Chapter 5

Robust Nash equilibria and
second-order cone complementarity

problems

5.1 Introduction

We consider a bimatrix game where two players attempt to minimize their own costs. Let y € R&"
and z € 1™ denote strategies of Players 1 and 2, respectively. Moreover, let Player 1’s cost function
be given by f1(y,z) := y’ Az with cost matrix A € R"*™ and let Player 2’s cost function be given
by fa(y,z) := y' Bz with cost matrix B € R"*™. We suppose that the two players choose their
strategies y and z from the nonempty closed convex sets S; C R"™ and S C R™, respectively.
Then, the players determine their strategies by solving the following minimization problems with
the opponents’ strategies fixed :

miniymize yTAz subject to y € Sy,

minizmize y'Bz subject to z € Sy. (5.1.1)
A point (7,%) satisfying 7 € argmingcg, yTAZ and Z € argmin,cg, 7’ Bz is called a Nash equi-
librium [3]. Since the minimization problems (5.1.1) are convex, the problem of finding a Nash
equilibrium can be formulated as a variational inequality problem (VI) [33]. Moreover, if S7 and Sy
are given by S1 ={y € " |¢gi(y) <0, i=1,...,N}and Sy = {z € R" | hj(2) <0,j =1,...,M}
with some convex functions g; : #" — R and h; : R — R, respectively, then the VI is further
reformulated as a mixed complementarity problem (MCP), which is also called a box-constrained
variational problem. Recently, MCP has been extensively studied and many efficient algorithms
have been developed for solving it [17, 18, 95].

The concept of Nash equilibrium is premised on the accurate estimation of opponent’s strategy
and the exact evaluation of player’s own cost function. Thus Nash equilibrium may hardly represent
the actual situation when those operations are subject to errors. To deal with such situations, we
introduce the concept of robust Nash equilibrium, which is parallel to that of robust optimization [5,
6, 7, 31].
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In the field of game theory, there has been much study on games with incomplete information
and the robustness of equilibria. Harsanyi [53, 54, 55| defines a game with incomplete information
as a game where each player’s payoff function is given in a stochastic manner with its probability
distribution. This is one of the most popular formulations of games with incomplete information.
Kajii and Morris [65] adopt Harsanyi’s formulation to define a concept of robust equilibria to in-
complete information. Especially, they show that games with strict equilibria do not necessarily
have robust equilibria, and the unique correlated equilibrium of a game is robust. Moreover, they
introduce the notion of p-dominance, and show that a p-dominant equilibrium is robust under an
appropriate assumption. Ui [114] considers the robustness of equilibria of potential games, which is
a class of games involving Monderer and Shapley’s potential function [81]. He shows that the action
profile uniquely maximizing a potential function is robust. Recently, Morris and Ui [84] have uni-
fied the above discussions for p-dominant equilibria and equilibria of potential games. They define
a generalized potential function that contains Monderer and Shapley’s potential function [81] and
Morris’s characteristic potential function [83], and show that an action maximizing the generalized
potential function is a robust equilibrium to incomplete information.

In the above-mentioned references, the “robustness” means that an equilibrium is stable with
respect to estimation errors. On the other hand, the robust Nash equilibrium introduced in this
chapter is an equilibrium that results from robust optimization [5, 6, 7, 31] by each player. More
precisely, our formulation is premised on the conditions (I)—(III) in the next section. Indeed, these
conditions are applicable to several actual problems such as dynamic economic systems based on
duopolistic competition with random disturbances, traffic equilibrium problems with incomplete
information on travel costs, etc. We note that this concept is different from those considered in
(65, 84, 114].

In what follows, we first define a robust Nash equilibrium for a bimatrix game, and discuss its
existence. Then, we show that, under certain assumptions, the robust Nash equilibrium problem
can be formulated as a second-order cone complementarity problem (SOCCP). The SOCCP is a
class of complementarity problems where the complementarity condition is associated with the
Cartesian product of second-order cones. Several methods for solving SOCCPs have been proposed
recently [15, 19, 43, 56, 57].

5.2 Robust Nash equilibria and its existence

In this section, we define the robust Nash equilibrium of a bimatrix game, and give sufficient
conditions for its existence.

Throughout the chapter, we assume that the following three statements hold for each player
i(1=1,2):

(I) Player 1 cannot estimate Player 2’s strategy z exactly, but can only estimate that it belongs
to a set Z(z) C R™ containing z. Similarly, Player 2 cannot estimate Player 1’s strategy y

exactly, but can only estimate that it belongs to a set Y (y) € R" containing y.
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(IT) Player 1 cannot estimate his/her cost matrix exactly, but can only estimate that it belongs
to a nonempty set Dy C R™*™. Player 2 cannot estimate his/her cost matrix exactly, but

can only estimate that it belongs to a nonempty set Dg C R"*".

(IITI) Each player tries to minimize his/her worst cost under (I) and (II).

Now, we define the robust Nash equilibrium under the above three assumptions. To realize (III),
we define functions f; : R x R — R (i = 1,2) by

fl(y, z) = max{yTAé‘ ’ Ae Dy, ze Z(z)},

o (5.2.1)
fa(y, z) := max {@TBz ‘ B e Dpg,j € Y(y)}

The functions fl(‘,z) and fg(y,-) represent Player 1’s and Player 2’s worst costs, respectively,
under uncertainty as assumed in (I) and (II). Players 1 and 2 then solve the following minimization
problems, respectively :

minimize fj (y,z) subject to y € Sy,
v ] (5.2.2)

minimize f2(y,z) subject to z € So.
z

Now, we are in a position to define the robust Nash equilibrium.

Definition 5.2.1 Let functions fi and fo be defined by (5.2.1). Ify" € argmingeg, fi(y,z") and

z"

€ argmin.cs, fo(7", ), that is, (§",Z") is a Nash equilibrium of game (5.2.2), then (§",Z") i

VA

called a robust Nash equilibrium of game (5.1.1).

Next, we give a condition for the existence of a robust Nash equilibrium of game (5.1.1). Note
that Y'(-) and Z(+) given in (I) can be regarded as set-valued mappings. In what follows, we suppose
that Y (-), Z(-), D4 and Dp in (I) and (II) satisfy the following assumption.

Assumption A
(a) Set-valued mappings Y : R — P(R") and Z : ™ — P(R™) are continuous, and
Y (y) and Z(z) are nonempty compact for any y € R and z € R™.

(b) Da CR™™ and Dp C R™™ are nonempty and compact sets.

The functions f; and fo defined by (5.2.1) are well-defined under this assumption. By simple
arguments on continuity, we can show that f; and fo are continuous everywhere. Furthermore, we
have the following lemma on the convexity of fl(‘, z) and fg(y, -). We omit the proof since it is

trivial.

Lemma 5.2.1 Suppose that Assumption A holds. Let fi and fo be defined by (5.2.1). Then, for
any fired z € R™ and y € R, the functions fi(-,z) and fo(y,-) are conves.

The next lemma is a fundamental result for noncooperative n-person game [3, Theorem 9.1.1].

Lemma 5.2.2 Consider a noncooperative two-person game where cost functions are given by 61 :
R x R™ — RN and Oy : R x R™ — RN. Suppose that functions 61 and Oy are continuous at any
(y, z), and functions 01 (-, z) and 02(y, ) are convex. Suppose that S1 and Sy are nonempty compact

convex sets. Then, the game has a Nash equilibrium.
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By the above lemmas, we obtain the following theorem for the existence of a robust Nash equilibrium
of game (5.1.1)

Theorem 5.2.1 Suppose that Assumption A holds, and S1 and So are nonempty compact convex

sets. Then, game (5.1.1) has a robust Nash equilibrium.

Proof. By Lemma 5.2.1, the functions f;(-, z) and fa(y, -) are convex. Moreover, as pointed out
earlier, fl and fg are continuous everywhere. Therefore, from Lemma 5.2.2, game (5.2.2) has a Nash

equilibrium. This means, by Definition 5.2.1, that game (5.1.1) has a robust Nash equilibrium. =

5.3 SOCCP formulation of robust Nash equilibrium

In this section, we focus on the bimatrix game where each player takes a mixed strategy, that
is, S1 = {y|ly >0, ely = 1} and S2 = {z|z > 0, el z = 1}, and show that the robust Nash
equilibrium problem reduces to an SOCCP.

Recall that the SOCCP is to find a vector (£,7,¢) € R x R x R satisfying the conditions

Ks¢lnek, G(&n () =0, (5.3.1)

where G : R x R x R — RE x R is a given function, & L 7 denotes £7n = 0, and K is a closed
convex cone defined by I =K x K x - x K with £;-dimensional SOCs.

Consider the bimatrix game where Players 1 and 2 solve the following minimization problems
(5.3.2) and (5.3.3), respectively :

minimize y’ Az subject to y >0, ely =1, (5.3.2)
y

minimize y'Bz subject to 2 >0, el 2z =1. (5.3.3)

It is well known that a Nash equilibrium of this game is given as a solution of a mixed linear
complementarity problem. In fact, since z and y are fixed in (5.3.2) and (5.3.3), respectively, both

problems are linear programming problems, and their KKT conditions are given by

0<ylAz+e,s>0, ely=1,

0<zlBly+en,t>0 elz=1, (5.3.4)

where s € R and ¢t € R are Lagrange multipliers associated with the equality constraints in (5.3.2)
and (5.3.3), respectively. Thus, if some (y, ) satisfies the above two KK T conditions simultaneously,
then it is a Nash equilibrium of the bimatrix game. The problem of finding such a (y, z) can be
further formulated as a linear complementarity problem (LCP) [24].

Now, we consider bimatrix games involving several types of uncertainty, and show that the

robust Nash equilibrium problem corresponding to each game reduces to an SOCCP of the form

KoMC+qLNC+rek, CC=d (5.3.5)
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with variable ¢ € R7 and constants M, N € R g r e RE C € R7*EH7) and d € R7. Note
that, by introducing new variables £ € R¢ and 1 € R, problem (5.3.5) reduces to SOCCP (5.3.1)
with v = ¢ + 7 and G : R3F7 — R247 defined by

§—M(—q
G(&n,¢) == | n—N({—r
c¢—d

5.3.1 Uncertainty in the opponent’s strategy

In this subsection, we consider the case where each player estimates the cost matrix exactly but

opponent’s strategy uncertainly. More specifically, we make the following assumption.
Assumption 1
(a) Y(y):={y+dy € R"|||6y|| < py, el by = 0} and Z(z2) := {z+62 € R™ | ||6z| < p., €l 6z = 0},

where py and p. are given positive constants.

(b) Da={A} and Dp = {B}, where A € R™*™ and B € R™*™ are given constant matrices.

Here, the conditions eldy = el 6z = 0 in the definitions of Y (y) and Z(z) are provided so that
el(y +6y) = el (2 + 62) = 1 holds from ely = el 2 = 1. Under this assumption, the following

theorem holds.
Theorem 5.3.1 If Assumption 1 holds, then the bimatriz game has a robust Nash equilibrium.

Proof. It is easily seen that Assumptions 1(a) and 1(b) imply Assumption A(a) and A(b),

respectively. Hence, the theorem readily follows from Theorem 5.2.1. ]

We now show that the robust Nash equilibrium problem can be formulated as SOCCP (5.3.5) under
Assumption 1. Player 1 solves the following minimization problem to determine his/her strategy :
miniymize max {yTA(z + 02) ‘ |6z]| < p, el oz = O}

subject to ely =1, y > 0. (5.3.6)

Since the projection of vector ATy onto hyperplane 7 := {z| e%z = 0} can be represented as

(I, — m~teel ) ATy, the cost function can be written as

fily,2) = max {y" Az +62) | [02]) < p, bz =0}
= yT Az 4+ max {yTAéz ‘ 102 < ps, €l oz = O}
= y" Az + || ATy,

where A := A(I,, —m 'enel). Hence, by introducing an auxiliary variable yo € R, problem (5.3.6)
can be reduced to the following convex minimization problem :
minimize y’ Az + p.yo
Y0,y
subject to [|ATy|| <wo, ¥y >0, ely=1.
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This is a second-order cone programming problem [2, 76] and its KKT conditions can be written
as the following SOCCP :

Kl 5 Ao n 1 9 Yo c fcmtl
A 0 AT Y ’
QR’}rByJ_Az—fl)\+ens€W}r, ely =1, Xo=ps,

where A € R and s € R are Lagrange multipliers, and Ay € R is an auxiliary variable. In a similar

manner, the KK'T conditions for Player 2 can be written as

ot s (Ho) | 1 (3 20) ¢ gontl
Ju 0 B z ’
%TBzLBTy—BTM—i—emtE%T, el z =1, Ho = Py,
where p € R"™ and ¢ € R are Lagrange multipliers, and pg € R is an auxiliary variable. Conse-

quently, the problem to find (y, z) satisfying the above two KKT conditions simultaneously can be
reformulated as SOCCP (5.3.5) with £ = 2m 4+ 2n + 2, 7 =4, K = K" x K™ x R x R,

Yo
)
0 00001 0 0 0 00 0
. 0 000 01, 0 0 00 0
00 00O 0 1 0 00 0
(Z)\O7M: 7q: b
A 00000 0 01, 00 0
1o 0 I, 0 0 0 0 00O 0O 0
H 0 0 0, 0 0 0 0 00 0
S
t
1 0 000 O O O 0 0 0
0o AT 0o 0 0 0 0 0O 0 0 0
0 0 1.00 0 0O 0 0 0 0
N: ~ 771: Y
0 0 0B O 0 O O 0 0 0
0 0 A0 —-AO0 0 e O 0
0o BT 0 0 0 0 0 —-BT 0 e, 0
0e 0 0 000O0O0O0 1
02000e50000007d:1
0O 0 00O 100O0UO0 0 s
0 0 00O 00O 1000 Py

5.3.2 Component-wise uncertainty in the cost matrices

In the following three subsections 5.3.2, 5.3.3 and 5.3.4, we consider the case where each player esti-
mates the opponent’s strategy exactly but his/her own cost matrix uncertainly. In this subsection,
we particularly focus on the case where the uncertainty in each cost matrix occurs component-wise

independently. That is, we make the following assumption.
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Assumption 2

(a) Y(y) ={y} and Z(z) = {z}.

(b) Dy :={A+0A e R"™|[04;;| < (Ta)ij (i=1,...,n, j=1,...,m)} and Dp:={B+ B €
RPN 0Byj] < T'p)ij (i =1,...,n, j=1,...,m)} with given constant matrices A € "

and B € R™"™*™ and positive constant matrices I' 4 € R™"*™ and I'g € <™,

Under this assumption, we have the following theorem. We omit the proof, since it is similar to
that of Theorem 5.3.1.

Theorem 5.3.2 If Assumption 2 holds, then the bimatriz game has a robust Nash equilibrium.

From Assumption 2, together with the constraints y > 0 and z > 0, the cost function fl can be

represented as

f1(y,z) = max {yT/lz ‘ Ae DA}

T
=y Az + OA; vz
Y |§A’L]|< FA)ZJ Z Z ijl !

i=1j5=1
n m
— yTAZ + ZZ(FA)ijinj
i=1j—=1
_ T
=y (A+T4)z.

Analogously, we have fo(y,z) = y?(B + I'g)z. Hence, the robust Nash equilibrium problem is
simply the problem of finding a Nash equilibrium of the bimatrix game with cost matrices A + 1"
and B 4+ I'p. This problem reduces to the MCP (5.3.4) with A and B replaced by A 4+ I'4 and
B + I'g, respectively.

5.3.3 Column/row-wise uncertainty in the cost matrices

In this subsection, we focus on the case where the uncertainty in matrices A and B respectively
occur row-wise independently and column-wise independently. That is, we make the following

assumption.

Assumption 3

(a) Y(y) ={y} and Z(z) = {z}.

(b)  Da = {A+A[I6Af] < (va); (4 = L,...,m)} and Dp := {B + B[ |[0B]| < (vp)i (i =
1,...,n)} with given constant matrices A € R™™ and B € R"™ and positive constant

vectors y4 € ™ and yp € R".

This assumption implies that the degree of uncertainty in each player’s cost depends on the op-
ponent’s each pure strategy. Under this assumption, we have the following theorem. We omit the

proof, since it is similar to that of Theorem 5.3.1.
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Theorem 5.3.3 If Assumption 3 holds, then the bimatriz game has a robust Nash equilibrium.
Next, we formulate the Nash equilibrium problem as an SOCCP. From Assumption 3, we have

fily,z) = max y" Az
AED 4

m
=yTAz+ max Z 2j yT5A§

”5A§”§(’YA)J' j=1

m
T
=y Az + Y zlyll(va);
j=1
=y Az +v4z2ly|
and 74z > 0. Hence, by introducing an auxiliary variable yo € R, Player 1’s problem can be written

as

minimize yTAz + (ﬁZ)yo
90,9

subject to ||yl <o, ¥ >0, ely=1.

This is a second-order cone programming problem, and its KKT conditions are given by

T
ICn—i—l 5 Yo n Ya% c ’Cn—}—l
Y Az +eps — A
RSN LyeRy, ely=1

with Lagrange multipliers A € " and s € R.

In a similar way, the KKT conditions for Player 2’s minimization problem are given by

T
ICm+1 5 20 n . TBY c ICm+1
z Bty+ent—pu

R >pLzeRT, el 2 =1,

m

where € R™ and ¢ € R are Lagrange multipliers. Combining the above two KKT conditions, we
obtain SOCCP (5.3.5) with £ =2m +2n+ 2, 7 = 2, K := K" x K™ x R x R,

Yo
) 1 0 0 0 0 0 0O 0
2 0 I, 0 0 0 0 00 0
2 001 0 0 0 00 0
CZ 7M: 7q: )
A 0o 0 0, 0O 0 00 0
p 0O 0 0 0 I, 0 00 0
s 0O 0 0 0 0 I, 00 0
t
0 0 044 0 0 0 O 0
0 0 0 A —-I, 0 e O 0
T
N 0 75 0 0 0 0O 0 O e 0 |
o BT o 0 0 -I, 0 e, 0
0 I, 0 0 0 0O 0 0 0
o 0 0 I, O 0 0 0 0
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0 e 0 0 0000 1
C= o cd=1{1].
0 0 0 e 0000 1
5.3.4 General uncertainty in the cost matrices

In this subsection, we consider the general case of uncertainty in each cost matrix. That is, we

make the following assumption.
Assumption 4
(a) Y(y) ={y} and Z(z) = {z}.

(b) Da:={A+0A € R |||6A||r < pa} and Dp :={B+0B € R"*™ | ||0B||r < pp} with given

constant matrices A € R"*™ and B € R™*™ and positive scalars pa and pp.
Under this assumption, we also have the following theorem.
Theorem 5.3.4 If Assumption 4 holds, then the bimatriz game has a robust Nash equilibrium.

Next, we consider the SOCCP formulation of the game. First note that

fly,2) =max{yTAz|Ae Dy} =yTAz+ max yT(64)z.
ll6A]l F<pa

Moreover, we have

T T
max 0A)z = max (2 ® vec(0A) = ||z ® A = PA z|,
g (64): = max (z@5)vee (64) = 2 ylea = palyll]
where vec (-) denotes the vec operator that creates an nm-dimensional vector ((p$)7, ..., (pS,)")T
from a matrix P € R™*™ with column vectors p§,...,p%,, and ® denotes Kronecker product (see

Sections 4.2 and 4.3 in [60]). Hence, by introducing an auxiliary variable yo € R, Player 1’s

minimization problem reduces to the following problem :
minimize y7 Az + pallz|lvo
Y0,y
subject to ||yl <wo, ely=1, y>0.
Again, this is a second-order cone programming problem, and its KKT conditions are given by
Kt 5 Yo 1 pallz|l c Kntt
y Az +eps — A ’
RN LyeRy ely =1,

where A € R" and s € R are Lagrange multipliers. Moreover, we can show that this SOCCP is
rewritten as the following SOCCP :

,Cn—i-l 5 Yo L PAZ1 e ,Cn—i-l T, _ 1
y Az +eps — N ¥ =5

m <1 Yo m n n
K “9<Z>L<u>elc RSN LyeR: (5.3.7)
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with an auxiliary variable u € R™. To see this, it suffices to notice that the complementarity

K s <Z1> 1 <y0> e Kt (5.3.8)
z u

in (5.3.7) implies ||z|| = z1. This fact can be verified as follows: On one hand, (*!) € K™ implies
|z|l < z1. On the other hand, it holds that 0 = z1y0 + z7u > z190 — ||2|l|lull > 2190 — ||2]lv0,

condition

where the equality follows from the perpendicularity in (5.3.8), the first inequality follows from
the Cauchy-Schwarz inequality, and the last inequality follows from the condition (ljf) c KM+l in
(5.3.8). Moreover, el'y = 1 and (%) € K™+ imply yo > 0. Hence, we have ||z|| > z;.

In a similar way, the KK'T conditions for Player 2’s problem are given by

m—+1 20 PBY1 m-+1 T _
K 9<Z>J_<BTy—|—emt—u>€’C . epz =1,

Y1 20
Kt s (y) 1 <U> eK™, RPspulzeR?,
wheret € R, p € R and v € R" are auxiliary variables. Combining the above two KKT conditions,
we obtain SOCCP (5.3.5) with £ = 3m+3n+4, 7 =2, K = K" x KT x L x CmH xR < R

Yo

1 00000 00O 0 00 0
yyl 0, 000 0 000 0 00 0
v 00 1000 000 0 00 0
0 0, 000 0 0O O 0 0O 0
s mo0 0001 0000 000 fof
2 00 00O0TL, 00 0 0 00 0
u 00 0000 100 0 00 0
A 00 000TL, 00 0 0 00 0
a 00 000 0 0O0TI 0 00 0
j 00 000 0 00 0 I, 00 0
O 0 0 00 0 ps O O 0 0 0 0
00 0 00 A 0 0 —I, 0 e 0 0
O 0 0 01 0 0 0 0O 0 0 0 0
O 0 0 I, 0 0O 0 0 O 0 0 0 0
0 0 pg 0 00O 0 0O O 0 0 0 0
N = , T =
o B 0o o0 0 0 O 0 —I, 0 e, 0
1 0 0 00 O 0O O O 0 0 0 0
o0 0 000 0 L, 0O 0 0 0 0
o I, 0 00 0O 0O O O 0 0 0 0
o0 0 001, 0 0 0O 0 0 0 0
_<0e£0000000000> _(1)
C= cd=(1).
0 0 00 O0O¢e€e 000UO0TO0D0O0 1
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As shown thus far, the robust Nash equilibrium problems under Assumptions 1, 3 and 4 are
transformed into SOCCPs, while the robust Nash equilibrium problem under Assumption 2 reduces
to an LCP. This is a natural consequence of the fact that the Euclidean norm is used in Assumptions

1, 3 and 4 to describe the uncertainty and the absolute value is used in Assumption 2.

5.4 Numerical examples of robust Nash equilibria

In the previous section, we have shown that some robust Nash equilibrium problems for bimatrix
games reduce to SOCCPs. In this section, we present some numerical examples for the robust Nash
equilibria. Several methods have been proposed for solving SOCCPs. Among them, one of the most
popular approaches is to reformulate the SOCCP as an equivalent nondifferentiable minimization
problem and solve it by Newton-type method combined with a smoothing technique [15, 19, 43, 57].

In our numerical experiments, we use an algorithm based on the methods proposed in [57].

5.4.1 Uncertainty in opponent’s strategy

We first study the case where only the opponents’ strategies involve uncertainty, that is, Assumption
1 holds.

We consider the bimatrix game with cost matrices:

-1 -9 11 -5 —4 -8
A= 10 -1 4|, Bi=| -1 0o 5 |. (5.4.1)
3 10 1 3 1 4

The Nash equilibrium of the game is given by 7 = (0.4815, 0.1852, 0.3333) and z = (0.1699, 0.2628,
0.5673). Robust Nash equilibria (3", z") for various values of (py, p») are shown in Table 5.1, where
fi(g",z") denotes the cost value of each player i = 1,2 at a robust Nash equilibrium. From the
table, we see that robust Nash equilibria (7",z") approach the Nash equilibrium (7,%) as both p,
and p, tend to 0. Note that Players 1 and 2 estimate the opponents’ strategies more precisely as p,
and p, become smaller. However, the costs of both players for (py, p.) = (0.5,0.5) are smaller than
those for (py, p.) = (0.01,0.01). This implies that an equilibrium may not necessarily be favorable
for either of the players even if the estimation is more precise.

Next, we consider the bimatrix game with cost matrices:

5 7 8 8 2 —7
Ay = 2 3 0|, Bo=|5 3 -3 [. (5.4.2)
-1 -3 -2 9 1 —4

In this case, the Nash equilibrium comprises ¥ = (0,0,1) and z = (0,0,1), and for any pair
(py,p=) € {0.5,0.1,0.01} x {0.5,0.1,0.01}, robust Nash equilibrium (7", z") remains the same, that
is, 7" = 7 and Z" = Z. From this result, we may expect that, if the Nash equilibrium is a pure
strategy, then the robust Nash equilibrium remains unchanged even if there is uncertainty to some

extent.



72 Chapter 5 Robust Nash equilibria and SOCCPs

5.4.2 Uncertainty in cost matrices

We next study the general case where the players’ cost matrices involve uncertainty, that is, As-
sumption 4 holds.

First we consider the bimatrix game with the cost matrices Ay and B; defined by (5.4.1). Robust
Nash equilibria for various values of (pa, pp) are shown in Table 5.2, where f;(y",z") denotes the
cost value of robust Nash equilibrium. As in the previous case, we see from the table that precise
estimation for cost matrices does not necessarily reduce the cost at an equilibrium.

Next we consider the bimatrix game with cost matrices As and By defined by (5.4.2). Robust
Nash equilibria for various values of (pa, pp) are shown in Table 5.3, which reveals that 7" = 7
and Z" = Z hold when p4 and pp are sufficiently small. We also see from the table that precise
estimation for cost matrices does not always result in the reduction of the players’ costs at an

equilibrium.

5.5 Concluding remarks

In this chapter, we have defined the concept of robust Nash equilibrium, and studied a sufficient
condition for its existence. Moreover, we have shown that some robust Nash equilibrium problems
can be reformulated as SOCCPs. To investigate the behavior of robust Nash equilibria, we have
carried out some numerical examples.

Our study is still in the infancy, and many issues remain to be addressed. (1) One is to extend
the concept of robust Nash equilibrium to the general N-person game. For the 2-person bimatrix
game studied in this chapter, it is sufficient to consider the uncertainty in the cost matrices and
the opponent’s strategy. To discuss general N-person games, more complicated structure should
be dealt with. (2) Another issue is to find other sufficient conditions for the existence of robust
Nash equilibria. For instance, it may be possible to consider the existence of robust Nash equilibria
without assuming the boundedness of strategy sets. (3) Theoretical study on the relation between
Nash equilibrium and robust Nash equilibrium is also worthwhile. For example, it is not known
whether the uniqueness of Nash equilibrium is inherited to robust Nash equilibrium. (4) In this
chapter, we have formulated several robust Nash equilibrium problems as SOCCPs. However, we
have only considered the cases where either the cost matrices or the opponent’s strategy is uncertain
for each player. It seems interesting to study the case where both of them are uncertain, or the
structure of uncertainty is more complicated. (5) In our numerical experiments, we employed an
existing algorithm for solving SOCCPs. But, there is room for improvement of solution methods.

It may be useful to develop a specialized method for solving robust Nash equilibrium problems.



Table 5.1: Robust Nash equilibria for various values of p, and p,

Py | Pz v z’ f@7Z") | f(5"7)
0.01 | 0.01 | (0.4896,0.1814,0.3290) | (0.1702,0.2697,0.5601) 3.650 —1.668
0.1 | 0.1 | (0.5630,0.1482,0.2888) | (0.1758,0.3304,0.4938) 3.039 —2.305
0.1 0.5 (0.5621,0.1560,0.2819) (0.1948,0.6032,0.2019) 0.345 —2.122
0.5 0.1 | (0.8891,0.0011,0.1098) | (0.1812,0.3272,0.4916) 2.506 —5.152
0.5 0.5 | (0.8840,0.0432,0.0729) | (0.2129,0.5929,0.1942) | —2.424 —4.232

Table 5.2: Robust Nash equilibria for various values of p4 and pp (cost matrices Ay and Bj)

pa | pB 7 z" h@,z") | (7",
0.1 | 0.1 | (0.4841,0.1797,0.3362) | (0.1721,0.2623,0.5656) 3.700 —1.615
1 1 ] (0.5097,0.1376,0.3527) | (0.1969,0.2552,0.5479) 3.640 —1.835
1 10 | (1.0000,0.0000,0.0000) | (0.2931,0.2326,0.4743) 2.830 —6.190
10 1 | (0.5083,0.1950,0.2967) | (0.3497,0.2453,0.4050) 3.074 —1.843
10 | 10 | (0.5934,0.1961,0.2105) | (0.3326,0.3002,0.3672) 2.396 —2.565
Table 5.3: Robust Nash equilibria for various values of p4 and pp (cost matrices Ay and Bs)
pA | pB v z" L@ .z") | f(y,2)
0.1 | 0.1 | (0.0000,0.0000,1.0000) | (0.0000,0.0000,1.0000) | —2.000 —4.000
1 1 | (0.0000,0.0000,1.0000) | (0.0000,0.0000,1.0000) | —2.000 —4.000
1 10 | (0.0000,0.0000, 1.0000) | (0.0000,0.3110,0.6890) | —2.311 —2.445
10 | 1 | (0.0000,0.4286,0.5714) | (0.0000,0.0000,1.0000) | —1.143 —3.571
10 | 10 | (0.0000,0.3783,0.6217) | (0.0000,0.1935,0.8065) | —1.144 —2.581







Chapter 6

Conclusion

In this thesis, we have proposed two different types of algorithms for solving SOCCPs. One is a
Newton-type algorithm in which the smoothing method and the regularization method are com-
bined, and the other is the algorithm based on matrix splitting method. Furthermore, we have
introduced the concept of robust Nash equilibrium, and reformulated the problem of finding such

an equilibrium as an SOCCP. The results obtained in this thesis are summarized as follows:

(a) In Chapter 3, we proposed a globally and quadratically convergent algorithm, which is based
on smoothing and regularization methods, for solving monotone SOCCP. In particular, we
studied strong semismoothness and Jacobian consistency, which play an important role in
establishing quadratic convergence of the algorithm. Furthermore, we examined effectiveness

of the algorithm by means of numerical experiments.

(b) In Chapter 4, we proposed an iterative method for the symmetric affine SOCCP that is based
on the idea of matrix splitting. We first gave conditions under which the matrix splitting
method converges to a solution of the affine SOCCP. We then presented, as a particular
realization of the matrix splitting method, the block successive overrelaxation (SOR) method
for the affine SOCCP involving a positive definite matrix, and proposed an efficient method
for solving subproblems. Finally, we reported some numerical results with the proposed

algorithm, where promising results were obtained especially for problems with sparse matrices.

(¢) In Chapter 5, we considered a bimatrix game in which the players can neither evaluate
their cost functions exactly nor estimate their opponents’ strategies accurately. To formulate
such a game, we introduced the concept of robust Nash equilibrium that results from robust
optimization by each player, and proved its existence under some mild conditions. Moreover,
we showed that a robust Nash equilibrium in the bimatrix game can be characterized as an
SOCCP. Some numerical results were presented to illustrate the behavior of robust Nash

equilibria.

As we summarized above, we have made some contributions on SOCCP. However, there are several

problems that remain unsolved. In the following, we give some future issues.
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Chapter 6. Conclusion

In Chapter 3, we restricted ourselves to SOCCP (1.1.1) with F(z,y,() = f(x) —y. Moreover,
we assumed the monotonicity on f to show the global and quadratic convergence of the
algorithm. However, the conditions are rather restrictive from the practical viewpoint. It is
worthwhile to improve the algorithm of which the global and rapid convergence are guaranteed

under weaker conditions.

In Chapter 4, we have developed the matrix splitting algorithm based on the block SOR
method. It may be interesting to construct an algorithm based on matrix splitting methods
other than the SOR-type methods. For example, it is challenging to study the (block) Jacobi

method for solving SOCCP, since Jacobi method suits parallel computation.

The results derived in Chapter 5 are still inadequate. Especially, theoretical results, such as
the uniqueness of a solution or convexity of the solution set, have not been clarified sufficiently.

It is certainly important to answer such problems.

The robust Nash equilibrium problem considered in Chapter 5 is one of applications of
SOCCP. It may be fascinating to apply SOCCP to other practical problems. The concept of
equilibria appears not only in Nash games but also in other various situations (e.g. traffic
assignment, economic model, etc). For such situations, we may define a similar concept of
robust Nash equilibrium and reformulate the problem of finding such an equilibrium into
SOCCP. Especially, if the uncertainty is expressed by using the Euclidean norm, then the
problem is expected to reduce to SOCCP.



Appendix A

Level-boundedness of the merit
function and its smoothing function
In Section 3.3, we used the fact that, if function f is strongly monotone, then the merit function

Y

fact. Since the level-boundedness of a function ¥ : R"* — R is equivalent to

wr and its smoothing function ¥, are level-bounded. In this appendix, we give a proof of this

lim ¥(z) = 400, (A1)

l[2] =00

we show (A.1) instead of the boundedness of the level set £, := {z| ¥(z) < a}.
Now, let the function \i'NR : R"™ — R be defined by

U (2) = [l (@, f(2))])- (A.2)
Then the following two lemmas hold.
Lemma A.1 If f is strongly monotone, then \iJNR 1s level-bounded.

This result was proved for the variational inequality problem by Peng and Fukushima [93]. Re-
cently, Yamashita and Fukushima [121] generalized this result by introducing the concept of strong

coerciveness, which is weaker than the strong monotonicity.
Lemma A.2 \ifNR is level-bounded if and only if W, is level-bounded.

Proof.  We first show “if” part. Suppose that ¥, is level-bounded. Then we have

lim U (z,y) = +o0. (A.3)

l|(z,y)[|—o00

Let {z(®} be an arbitrary sequence such that ||z*)|| — oo and {y*)} be the corresponding sequence
such that y®*) = f(z®)) for all k. Then we have

1- 1
ST (@0 = g (0, £

1 1
= 5l @,y O 4+ S @) — )2
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where the second equality follows from 3*) = f(z(*)). Noticing that |[(z®), y®))|| = 0o as k — oo

and that (A.3) holds, we have limy,_ ., ¥, (2¥)) = 400, that is, U, is level-bounded.

We next show the “only if” part. Suppose that \iJNR is level-bounded. Then @NR satisfies (A.1).
Noticing v/2[[£][* + 2[[n[|* = [|€]] + [|n]| for any &, n € R, we have

2\ Vi (z,y) = |z = Pen(z —y)l + 1f (2) =y
2 |l = Pin (@ = f(2))|| = | Pen (2 = f(2)) = Pen (2 = y)|| + £ (2) =yl
> |lz = Pen(z = f(@) = [1f(2) =yl + [1f(z) =yl
= U (),

NR

where the second inequality follows from the triangle inequality, and the third inequality follows
from the nonexpansiveness of the projection operator. Hence, ¥ also satisfies (A.1), that is, ¥,

is level-bounded. n

We now give the main theorem of this appendix.

Proof. By (3.3.5), we have

Theorem A.1 If f is strongly monotone, then ¥, is level-bounded for any p1 > 0.
O (T, 9)
20 (z,y) =
VA (28) H(f(x) —y>

oul,y)
<|(75)
<2V, (z,y) +vp.

is level-bounded if f is strongly monotone. This implies the

* 0

(tpm(x,y) — w(%y)) H

From Lemmas A.1 and A.2, ¥

level-boundedness of ¥,,. n

NR



Appendix B

Alternative proof of Theorem 3.4.1

In Section 3.4.1, we introduced the weak univalence property of H, to show the global convergence
of Algorithm 3.4.1. In this appendix, we give an alternative proof of Theorem 3.4.1 by using the
Mountain Pass Theorem.

We first show that any stationary point of ¥,. is a global minimum of ¥, . by using the

nonsingularity of VH, .(z,y).

Proposition B.1 If f : R" — R" is monotone, then the Jacobian VH, .(x,y) is nonsingular for
any >0, e >0 and (z,y) € R" x R".

Proof.  Firstly, we show that O < VP, (2) < I for any z € R". When 23 = 0, it is clear that
O < VP,(z) < I since VP,(z) = §'(z1/p)] from (3.3.9) and 0 < §'(z1/p) < 1 from (3.3.3). So
we only consider the case where zp # 0. Noticing that VP, (z) is given by (3.3.9), in order to
show VP,(z) = O, it is sufficient to show that b, is positive and the Schur complement of VP, (z)
with respect to b, is positive definite. Since b, = (1/2)(§'(A1/p) + §'(X2/1)), we have b, > 0 from
(3.3.3). On the other hand, the Schur complement of VP,(z) with respect to b, is given by

RSN T B) GU% S P & B |
g S Y B S P [[z2]|? by lz2l*

If ay = (g(No/p) — g(Mi/p))/(A2/p — A1 /p) <0, then the continuous differentiability of ¢ and the
mean value theorem guarantee the existence of 7 € [A1/p, A2/u] such that §’(7) < 0. Since this fact
contradicts (3.3.3), we have a,, > 0. Moreover, we have (b2 — ¢2,) /b, = 2/(1/§(M) +1/§(X2)) > 0
from (3.3.3). Furthermore, both 2223 /||22|? and I — 2223 /||22|? are positive semidefinite and their
sum is the identity matrix. Hence, any positive linear combination of zp23 /||22||? and I — 2223 /|| 222
is positive definite. Therefore, the Schur complement of VP, (z) with respect to b, is positive

definite, and hence we obtain VP,(z) > O. In a similar way, we can show

1—b _CH,Z%—'
[-VPu() = | | ; =2 | =0,
— M2 (1 — g ) — (b, —a,) 222
22| ! O 2

from 1 — b, > 0 and the positive definiteness of the Schur complement of I — VP, (z) with respect
to1—10,.
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Secondly, we show the nonsingularity of VH, .(x,y)? instead of VH, .(x,y). Let us denote
P := VP,(z) and F := Vf(z) for convenience. Then VH,, .(x,y)” can be written as

I —
- (107

F+el -1

Let £, € R™ satisfy

U]
that is,
(I =P)§+Pn =0, (B.1)
(F+e)§—n=0. (B.2)

Multiplying the left-hand side of (B.1) by P~! and combining with (B.2), we have
(Pl =T+ F4ehE=0.

Since O < P < I implies P~! = I and monotonicity of f implies F = O, P~! — I + F + el is

positive definite. So we have £ = 0, and then n = 0 from (B.2). Hence, VH, .(z, y)T is nonsingular,

that is, VH, .(x,y) is nonsingular. ]

Proposition B.2 If f : R — R™ is monotone, then, for any > 0 and € > 0, every stationary
point (T,7) of the function V. satisfies ¥, .(Z,7) = 0.

Proof. Note that VV, .(7,7) = VH, .(Z,7) H,.(Z,7) = 0. By Proposition B.1, VH, (%, 7) is
nonsingular. Hence, we have H, .(7,7) = 0, that is, ¥, .(Z,7) = (1/2)||H,.(Z,7)||> = 0. ]

We proceed to showing the global convergence property of Algorithm 3.4.1 by extending the
result of [32] for NCP to SOCCP. To this end, we give two lemmas. The first lemma implies that

VU, ¢ is uniformly continuous on a compact set not only in x and y but also in p and ¢.

Lemma B.3 Let C C R" x R" be a compact set. Then, for any § > 0, there exist & > 0 and
w' > 0 such that

[Upe(z,y) — U (z,y)| <6
for any (z,y) € C, e € [0,€'] and p € [0, 1'].

Proof.  Define the function © : " x R" x [0, 400) x [0,400) — R by Uz, y, p,€) =V, (z,9y).
Then, Q is continuous and satisfies Q(x,y,0,0) = ¥, (x,y). Since any continuous function is

uniformly continuous on a compact set, 2 is uniformly continuous on C' x [0,&] x [0, u/]. ]

The next lemma is known as the Mountain Pass Theorem, which is useful for our analysis. For

more detail, see Theorem 9.2.7 in [90].
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Lemma B.4 (Mountain Pass Theorem) Let 6 : R" — R be a continuously differentiable and
level-bounded function. Let C C R™ be a nonempty and compact set and let m be the minimum
value of 6 on the boundary of C, that is,

m := min 0(x).
xeoC

Assume that there exist points p € C and q ¢ C such that 6(p) < m and 6(q) < m. Then, there
exists a point r € R" such that VO(r) =0 and 6(r) > m.

Finally, by using the above propositions and lemmas, we establish the global convergence of
Algorithm 3.4.1.

Theorem B.2 (Theorem 3.4.1) Let f : R — R™ be a monotone function. Assume that the
solution set S of SOCCP (3.3.1) is nonempty and bounded. Let {(z®), y*))} be a sequence generated
by Algorithm 3.4.1. Then, {(z®,y*))} is bounded, and every accumulation point is a solution of
(3.3.1).

Proof. From a simple continuity argument, we can easily show that every accumulation point
of {(z™®), 4"} is a solution of SOCCP (3.3.1). So we only show the boundedness of {(z*), y(*))}.
For a contradiction purpose, we assume that {(z*),4(*))} is not bounded. Then, there exists a
subsequence {(z®),y"))} ek such that limy o0 rex ||(z®), y*))|| = 0o. Moreover, noticing that
there exists a compact set C' C R" x R" such that S C int C because of the boundedness of S, we

have the following two facts:
(a) (), 4*)) ¢ C for all k € K sufficiently large ;

(b) m ::(x]g;ienaC\I/NR(x,y) > 0.

Now, applying Lemma B.3 with ¢ :=m/4 > 0, we have

1
\Ijﬂkvak(xay) - \IINR<x7y) S Zm (B3)
and
1
\I’Nmfk(:':ay) - \I/NR(J%?/) > _Zm (B.4)

for any (x,y) € C and k € K sufficiently large. Let (Z,7) € S C C be a solution of SOCCP. Then,
from (B.3), we have

1
\Puk,ak(fay) - \IINR(fﬂg) = \Iluk,&‘k(fﬂy) S Zm (B5)

for all k € K sufficiently large. On the other hand, letting (%), 7(*)) be a minimizer of U en(@,y)
on the set 0C, we have, for all k € K sufficiently large,

min W, . (v,y) = \Iluk’ak(ij(k)y:g(k))

(z,y)€dC
1
> —Zm—i— 0 (25 5k
1
> —ZW +m
3



82 Appendix B Alternative proof of Theorem 3.4.1

where the first inequality follows from (B.4) and the second inequality follows from (b) and
(#®), 5®)) € aC. Furthermore, since ¥, ., (z® y*)) < a; from Step 2 of Algorithm 3.4.1,

we have

qjukyﬁk(x(k)7y(k)) < -m (B.7)

| =

for all k € K sufficiently large. Now, let k € K be a sufficiently large integer satisfying (a), (B.5),
(B.6) and (B.7). Then, applying Lemma B.4 to ¥, .. with p := (7,7), ¢ := (z®), y*)) and
m = ming yeac Yy, e (T,y) > (3/4)m, we obtain the existence of (&®), g*)y € R™ x R" such that

vq]ukvék(@(k)@(k)) =0 and ‘I’u,;,s,;(f(k)’ﬁ(k)) > Zm > 0.

However, this contradicts Proposition B.2. Hence, {(z®),y*))} is bounded. n



Appendix C

Detailed proof of Proposition 3.4.2

In this appendix, we give a more detailed proof of Proposition 3.4.2, which shows the strong

semismoothness of Pin defined by (2.2.7). To this end, we first study some differential properties

of function Pxn defined by (2.2.7). For the sake of convenience, we divide " into six subsets as

follows :

S1:={z]0 <A1 < Ao} = {221 > 22|}
Sy = {z| M <0< Ao} = {z] — [lz2]| <21 <22} = R*"\(K" U -K")

S3 = {Z|)\1 < )\2 < 0} - {Z|Zl < 7”22”}

= int "

= —int K"

Sy = {Z’)\l =0< )\2} = {2"0 < z1 = ”ZQH} = bd/Cn\{O} (Cl)
S5 = {2 A <0=A} = {z] — |z =21 <0} = —bdK™ {0}
Se = {z[ A1 =0= X} = {z]21 = [[22]| = 0} = {0},

where A\; and Ay are the spectral values of z given by (2.2.4), and bd and int denote the boundary
and the interior, respectively. Note that US_;S; = R", S; N S; =0 (i # j), and that Sy, So and S3
are open sets. Define, moreover, the functions II; : " — R", Il : D := {z € R"|z9 # 0} — R

and I3 : R™ — R™ as

I (2) == Aut + ul? = 2 (C.2)
2) = dgu? = 10 4l (1,22 .
To() = daut® = 51+ Jal) (1. 725 (€3)
I3(z) := 0. (C.4)
Then (2.2.8) is rewritten as
11 (Z) (Z € 51)
s (2) (z € S2)
II3(2) (z € 53)
Pxn(z) = C.5
CO T e m e Gesy o
Iy(2) =13(z) (2 € S5)
Hl(z) = 3(2’) (2’ € Sﬁ)

The following proposition refers to the differential properties of IIy, IIs and IIs.
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Proposition C.1 Let z = (21,20) € R x R* ! and D = {2z € R"|2zp # 0}. Let Iy, Iy and I3 be
the functions defined by (C.2), (C.3) and (C.4), respectively. Then, II; and I3 are differentiable

on ", and Iy is differentiable on D. Moreover, their Jacobians are given as

VIL(z) = T (C.6)
T
1 2 1 S
Vﬂz:(l—l— )I-l— I C.7
)= M) T g | o 2122 (©1)
Bl
V() = O. (C.8)

Proof. It is evident from II;(z) = z and II3(z) = 0 that VII;(z) = I and VII3(z) = O. By using

the fact that
1 T
Vw<w>: (I_ww2>
[Jw]| [[w]] [Jw]]

for any w € R"1\{0}, we have

, T = — 292
: 2]l { O I—H;TTQ

for zo # 0. Moreover, since

we have

. 4,1 4\
VIls(z2) = sz(zl + [[z2l) { 1, 2] (Zl FlzlVs{ 1 [I22]l

0 0
1 z 21 + ||zl T
= = + 2272
2 ||22|| ||22|| 2zl {0 -5
[E2A
Ea
_ 1 [| 22|l .
2 ) 21 2225
I— 2
HZzH ||Z2H [ z2] ||22]|
1 (T o=m
= -1+ — 212928
2< szH 2szH 2y —r o2
|22l

Next, we give a lemma on the strong semismoothness of the three functions I, Ily and II3 that

constitute Pxn.
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Lemma C.1 Let Iy, Iy and I3 be the functions defined by (C.2), (C.3) and (C.4), respectively.
Then, 11y and I3 are strongly semismooth at any z € R, and Iy is strongly semismooth at any
z € R such that z9 # 0.

Proof. Obviously, II; and II3 are strongly semismooth since their Jacobians are constants. So
we only consider the function Ils. Let z = (z1,22) € R x R~ be an arbitrary vector such that
z9 #0,and d = (dy1,d2) € X R7~1 be an arbitrarily small and nonzero vector such that zo+ds # 0.
Moreover, let V' be an arbitrary element of dIl3(z + d). Note that Il is twice differentiable at zo
and zo + da since zo # 0 and 23 4+ d2 # 0. Then we have

IVTd — (2 d)|| = [|VI2(z + d)"d — VIIa(2)"d]|
< [IVIz(z +d) — VI (2) | ||d]
= o(|ldIP),

which proves the strong semismoothness of Ils. ]

By using the above proposition and lemma, we show the strong semismoothness of Pin.

Proposition C.2 (Proposition 3.4.2) The function Pin defined by (2.2.7) is strongly semis-
mooth at any point z € ™.

Proof. Let S; (i=1,...,6) be defined by (C.1). Let II;, IIs and II3 be defined by (C.2), (C.3)
and (C.4), respectively. When z € Sy, for any d € R” sufficiently small, z + d is an element of S,
because S; is an open set. Hence, Pin is strongly semismooth at any z € S; by (C.5) and Lemma
C.1. In a similar way, we can show the strong semismoothness of Pcr at any z € Sy U S3.

When z € Sy, for any d € R" sufficiently small, we have z +d € S U Sy U Sy. Let V
be an arbitrary element of 0Pxn(z + d). If z +d € S;, it then follows from Lemma C.1 that
VTd — Pin(z;d) = (VILi(2 + d) — VIIi(2))Td = O(||d||?). Similarly, if z + d € Ss, it follows that
VTd— P (z;d) = (VIg(2+d) — VIa(2))Td = O(||d||?). If 24+d € Sy, then we can find a scalar o €
[0,1] such that V = (1 — )V (2 +d) + aVIy(z + d). Since Pin(2;d) = VI (2)Td = VI (2)1d,
we have VI'd — Pl.(z;d) = (1—a){VILi(z +d)Td — VI (2)Td} + o{VIa(z + d)Td — VIIz(2)Td} =
O(||d||?). Thus, Pyn is strongly semismooth at z € Sy. In a similar way, we can show the strong
semismoothness of Pxn at z € S5.

Finally, we consider the case where z € Sg, that is, z = 0. From (C.2), (C.3), (C.4) and
(C.5), Pxn is directionally differentiable at 0, and its directional derivative along the direction
d = (d1,d2) € R x R*"1\{(0,0)} is given by

Pen(03) = lim Pn () /1
= Pea(d). (C.9)

When d € 94, it follows from (C.5), (C.6) and (C.9) that VId — Pf.(0;d) = VII;(d)Td — 11 (d) =
Id —d=0. When d € Sy, it follows from (C.5), (C.7) and (C.9) that

VTd — Pga(0;d)
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= VI (d)Td — II,(d)

dy
_ 1 | dz]| . d
2| d <1+ di >I_ d_dudy | \d
||| l|da]| l[dz|| [|dz]|
di + ||dz]| 1( 14l 1
= — | didsy — —(dy + ||d2 do
2| 5 +d 2 —
||| | da ||
= 0.

1 1
- §(d1 +ld2l) | do
| da|

When d € S, it follows from (C.5), (C.8) and (C.9) that VId — Pf.(0;d) = VI3(d)Td — II3(d) =
Od—0 =10. When d € Sy, any V € 0Pxn(d) can be written as V = (1 — a)VII;(d) + aVIIz(d)
with a € [0, 1]. Furthermore, we have Py (0;d) = Pxn(d) = II;(d) = IIz(d) from (C.9) and (C.5).
Hence, we have VTd — Pcn(0;d) = (1 — @){VILi(d)Td — TI1(d)} + a{VIa(d)Td — Tz(d)} = 0.
When d € S5, we can also show VZd — Pcn(0;d) = 0 in a similar way. Consequently, we have

V'd — Pa(05d) = 0 for any d € ®"\{0}.
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Proof of Proposition 3.4.3

In Appendix C, we have shown that the function Pir is composed of the differentiable functions

111, IIs and II3. By using these functions, we give the proof of Proposition 3.4.3.

Proposition D.1 (Proposition 3.4.3) Clarke subdifferential of the projection function Pcn and
the matriz J3(z) = lim, o VP, (2) are given as follows:

(1} (A1 >0, > 0)
{a/ M+ X))+ Z} (A1 < 0,2 >0)
8Pen(2) {0} (M <0,X2 <0) 0.1)
co{I,1+ Z} (A = 0,A > 0)
co{0, 7} (M <0,M=0)
co ({0} U{ITUS) (A =0,A =0),
I (A1 > 0,2 > 0)
A2/ +X))I+2Z (A <0,X>0)
@) (A1 < 0,2 <0)
Jp(2) A (D.2)
I+(1-§0)2 (A =0, > 0)
§'(0)Z (A1 <0, Ay =0)
7(0)I (A =0, =0),
where (r1,72) = (21, 22) /|22,
17 ) oot (3 Jreseany

Proof.

First we show (D.1).

It follows from (C.2)—

(C.5) and Proposition C.1 that Pin is

continuously differentiable at any point z in the open sets S; (i = 1,2,3). So it suffices to consider

the case where z € S; (i =
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When z € Sy, from (C.1), we have z; = [|22]|, namely 1 = 1. Note that S4 is adjacent to Sy
and Sy but not to .S3. Since

lim VPgn(2) = lim VII;(2) = T (D.3)
es; fes,
and

. ~ . R 1/(-1 7"2T

lim VPin(2) = lim VIIa(2) = I+ = |
% = r2 —r2r}

Clarke subdifferential of Pxn at z € Sy is given by

1 (-1 +L
OPcn(z) = codl, I+~ SR
2\ rog —ror3

When z € S5, from (C.1), we have z; = —||22||, namely r;
Sy and S3 but not to S;. Since

—1. Note that S5 is adjacent to

ljm VP;Cn(ﬁ) = ljm VHg(f) =0

(D.4)
z2€S3 z2€S3
and

2 T
sesy i r2 T2r)

1(1 ¥
lim VPn(2) = lim Iy(3) ( "2 )

Clarke subdifferential of Pxn at z € S5 is given by

11 oL
OPn(2) = 0, = 2 .
) CO{ 2 (rz Wg)}

Let z € Sg, i.e., 2z = 0. Note that

z = 0 is adjacent to S;, S2 and Ss. Similar to (D.3) and
(D.4), we have
ljng VPen(2) =1 and hn& VPen(2) = O.
z2e8q

z2€83

We will show 7 = S, where

T = {m% vng(ﬁ)},

2€8,

B 1 1 (-0 w”T _
S = {2(1+6)I+2 < . _ﬁwa>’—1<ﬁ<1’”w”_1}'

First we show 7 C S. Let {2(®)} C ®" be an arbitrary sequence such that z(*) — 0 and z*) € S,

for all k, and denote (r§k), rgk)) = (z%k), zék))/Hzék)H Then we have

(k) (KT
1 T (ry”)
VI, (z®) = 3 (1 —|—7‘§k)> I+- ( ’f))T) .

2\ 0w

(
1 T2 T
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(k)

Since z®) € Sy implies —1 < ry~ < 1, every accumulation point of {r%k)} belongs to the interval
[—1,1]. Moreover, every accumulation point of {Ték)} is a unit vector since ||r§k)\| =1 for all k.
Hence, we have 7 C §. Next we show 7 O S. Let J be an arbitrary element of S. Then, there

exist a scalar # € [—1,1] and a unit vector w such that

1 1(-p w’
J—2(1+ﬂ)f—|—2< )

w —PBww’

Let {€®} = {(¢® ¢} € R x R be defined by

) _ B B 1)
& 'k+1<1 kE+1

k) _ W

=
and {7} = {(n} ], "))} € R~ be defined by (1" 15”) 1= (67, 67)/115”. Then, €% € 5,
for all k since {1 /H§2 | = B(1 —1/(k + 1)) € (=1,1). Moreover, we have limy_,o, £#) = 0,

limy oo 7y = 5 and limy_c 73"

. N
lim VIL(¢®) = lim { (1+ <’“>)I+ ( )}

1 1({-8 w'
el (P 0)

w —Pww’

= w. Hence, we have

= J.
This implies J € 7, that is, 7 2 §. Thus, Clarke subdifferential of Pxr at z = 0 is given by
OPxn(z) = co({O}U{I}US).

Next, we show (D.2). Let A\; and A2 be the spectral values of z given by (2.2.4). Note that, if
29 # 0, VP,(z) is given by (3.3.9) with a,, b, and ¢, defined by (3.3.10). First we suppose zo # 0
and consider the limiting behavior of a,, b, and ¢, as p | 0. Since we have
0 = 90o/m) = gM/p) _ 3u(d2) = (M)
Xofp— A/ Ao — A1
(3.4.8) implies that the limit ag := lim, | a, is given by

1 (0 <A1 < No)
(I4+71)/2 (M <0< Ao) (D.5)
0 (M <X <0),
where the second case follows from Aa/(A2 — A1) = (21 + ||22]])/(2]|22]|) = (1 + r1)/2. By (3.3.10)
and (3.4.9), the limit by := lim, | b, is given by

F0(A2) =0 (M)
Ay — A1

ag =

( )
) ( )
bo = 5000 (A2) +90 (M) = 1/2 (A1 <0< Xg) (D.6)
( )
( )
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and cg := lim,|g ¢, is given by

0 (0 <A < Ao)
. (1-4(0))/2 (M =0< A2)
co = 5 O2) =75 () = /2 (<0< ) (D7)
9'0)/2 (M <0=0X)
0 ()\1 <A< 0) .

Next we describe the limit lim, o P,(2). We first consider the case where z € Si, that is,
0 < A1 < A2. When 29 =0, we have 0 < A\; = Ay = z1. Hence, by (3.3.9) and (3.4.9), we have

limVP,(z) = limd'(z I
i VP, (2) = lim /(1 /1)

=5 (21)1
= ].

When zo # 0, that is, 0 < A; < A2, we have agp = by = 1 and ¢y = 0 by (3.4.14) —(3.4.16). This,
together with (3.3.9), yields

T
cor
lim VP 072 T
©l0 cora  aol + (bo — ag)rars

=1

We thus have J%(z) = I for any z € S;. When z € S3, that is, A\; < A2 < 0, we can show that
J%(z) = O in a similar way. When z € Sy, that is, Ay < 0 < A2 and 22 # 0, we have ag = (14r;1)/2
and by = cgp = 1/2 from (3.4.14) — (3.4.16). It then follows from (3.3.9) that

1 1(- T
m@):2@+nﬂ+2< o ).

T9 —7‘17"27“%

We can argue the case of z € S4 U S5 in a similar way. When z € Sg, we have A\ = Ay = 21 =0
and zo = 0. Therefore, by (3.3.9) and (3.4.9), we have J§(z) = ¢/(0)I. This completes the proof. m
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Well-definedness of Algorithm 3.4.2

We show that Algorithm 3.4.2 is well-defined in the sense that the number of inner iterations

Steps 2.0—2.4 is finite at each major iteration.
Proposition E.1 For each k, Step2 of Algorithm 3.4.2 finds a w*+1) .= vUTD for some j.

Proof. Fix k arbitrarily. Notice that we always have || Hy, (w®)| > 0 in Step 2. First we show
the existence of a nonnegative integer m satisfying (3.4.20). Without loss of generality, we assume
¥, (v1)) > 0. Noticing that
V\I’uk,ek(v(j))TCZ(j) — Huk,ak(U(j))TVHuk,ek(U(j))TCZ(j)
= _Hﬂk,Ek(v(j))THukﬁk(U(j))
= 20, . (v, (E.1)
we have
- {\Ijﬂkﬁk (U(j)) TV e (U(j))T‘i(j) + O(T)} —(1=207)¥, ., (U(‘j))
= =210, o (v(j)) + 207V, ¢, (U(j)) +o(7)
= {20 = )y o, (D) + o(r)/7}. (E.2)
Since 1—o > 0and ¥, ., (7)) > 0, the right-hand side of (E.2) is negative for all 7 > 0 sufficiently
small. Hence, (3.4.20) holds for some integer m > 0.

Next, for the contradiction purpose, we assume that the inner iterations of Step 2 never termi-

nate, that is,
”Huk,ak(v(j))ﬂ > B >0 (E.3)

for all j at Step2.4. We consider two cases (i) liminf; .o 7; > 0 and (ii) liminf; .o 7; = 0. In case
(i), there exists 7 € (0, (20)~!) such that 7; > 7 for all j. Since

Wi e (07) = W o (097D + 7514970
S (1 — QUTj_l)\IJ'ubsk(v(j*l))’
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we have

H ka:gk H \/ 1- QUijl HHM,E;@ (U(j_l))H
= || Hppoer @) ﬁ VI—207;
< HHM@@I@ H — 207) /2,

The right-hand side of this inequality tends to 0 as j — oo, which contradicts (E.3). In case (ii),
there exists a subsequence such that {7;};c; — 0. Note that Step 2.3 implies

‘I/Mwsk(v(j) _|_pmj—162(j)) > (1— QUpMj_l)\I’uk,ek(U(j))

for all j. Since p™i—! = ijfl, we then have

Wit e (U(j) + ij_lci(j)) — Ve (U(j))
Tj,Ofl

Yy, (0O 1 o(r) /7

= 20, o (V) + (7)) /75,

=20V ¢, (U(j)) <

that is,
21— 0)y, -, (09 < o(r))/7;. (E.4)

However, (E.4) cannot hold when j € J is sufficiently large, since 1 — o > 0 and ¥, ., (v)) >
B,% /2 > 0. Thus, we have a contradiction. This completes the proof. ]



Appendix F

A sufficient condition for the
solvability of linear SOCCP

In the numerical experiments of Section 3.5, we generated linear SOCCP (3.5.1) whose solution set
is nonempty, based on the following theorem which shows a sufficient condition for a linear SOCCP
to be solvable. This result is a natural extension of the well-known result [24, Theorem 3.1.2] for

the linear complementarity problem.

Theorem F.1 Let M € R™™™ be a positive semidefinite matriz, and ¢ € R™ be a real-valued vector.
If there exists a pair (Z,7) such that T € int K, § € int  and y = MT + q, then the SOCCP

rekK,yek, zTy=0, y=Mz+q (F.1)
has at least one solution.
Proof. First we consider the SOCP :

minimize 2T (Mz + q)

subject to Mz+qe K, z€ K, (F.2)
which is strictly feasible by assumption. Since it holds that
tek,nek = ¢fp>o, (F.3)

the objective function of SOCP (F.2) is bounded below on the feasible region. Therefore, there
exist an optimal solution z* € " and a multiplier vector \* € R™ satisfying the following KKT
conditions :

2f ek,

(M +MT) 2"+ qg— MTX\ €K,

(T (M + MT)2* +q— MTX*) =0,

A ek,

Mz*+q €K,

AT (Mz* +¢q) = 0.
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From (F.6) we have
—(2)TMT (2 = X) = )T (M2 +¢q) > 0, (F.10)
where the inequality follows from (F.4), (F.8) and (F.3). Moreover, we have

0

IN

AT((M + MT)z* +q— MTX)
AT (Mz* 4 q) + (A)TMT(z* = \¥)
AT MT (25 — X7, (F.11)

where the inequality follows from (F.7), (F.5) and (F.3), and the last equality follows from (F.9).
Hence, by (F.10) and (F.11), we have

(* = \)TMT (2" — \) < 0. (F.12)

Noticing the positive semidefiniteness of M, the inequality in (F.12) is replaced by the equality.

Hence,

()T MT (= X) = W) TMT(zF =\ >0, (F.13)
where the inequality is due to (F.11). By (F.10) and (F.13), we have

() (Mz* +q) = —(")TMT(z" = \*) =0,

which implies (z,y) := (2*, Mz* + ¢) is a solution of SOCCP (F.1). [



Bibliography

1]

[10]

[11]

F. ALIZADEH, Interior point methods in semidefinite programming with application to com-

binatorial optimization, STAM Journal on Optimization, 5 (1995), pp. 13-51.

F. AL1ZADEH AND D. GOLDFARB, Second-order cone programming, Mathematical Program-
ming, 95 (2003), pp. 3-51.

J.-P. AUBIN, Mathematical Methods of Game and Economic Theory, vol. 7 of Studies in
Mathematics and Its Applications, North-Holland Publishing Company, Amsterdam, 1979.

A. BAKUSHINSKY AND A. GONCHARSKY, I[ll-posed Problem: Theory and Applications,
vol. 301 of Mathematics and Its Applications, Kluwer Academic Publishers, Dordrecht, 1994.

A. BEN-TAL, L. EL GHAOUI, AND A. NEMIROVSKI, Robustness, in Handbook of Semidef-

inite Programming: Theory, Algorithms and Applications, H. Wolkowicz, R. Saigal, and
L. Vandenberghe, eds., Kluwer Academic Publishers, 2000, pp. 139-162.

A. BEN-TAL AND A. NEMIROVSKI, Robust convex optimization, Mathematics of Operations
Research, 23 (1998), pp. 769-805.

A. BEN-TAL AND A. NEMIROVSKI, Robust solutions of uncertain linear programs, Operations
Research Letters, 25 (1999), pp. 1-13.

R. S. BipasHA, K. YAMADA, N. YAMASHITA, AND M. FUKUSHIMA, A linearly convergent

descent method for strongly monotone variational inequality problems, Journal of Nonlinear
and Convex Analysis, 4 (2003), pp. 15-23.

J. V. BURKE AND S. XU, A non-interior predictor-corrector path following algorithm for the

monotone linear complementarity problem, Mathematical Programming, 87 (2000), pp. 113—
130.

B. CHEN AND P. T. HARKER, A non-interior-point continuation method for linear comple-
mentarity problems, STAM Journal on Matrix Analysis and Applications, 14 (1993), pp. 1168
1190.

B. CHEN AND P. T. HARKER, Smooth approzimations to nonlinear complementarity prob-
lems, STAM Journal on Optimization, 7 (1997), pp. 403-420.



96

BIBLIOGRAPHY

[12]

[13]

[14]

[20]

[21]

[22]

23]

[24]

[25]

C. CHEN AND O. L. MANGASARIAN, Smoothing methods for convex inequalities and linear
complementarity problems, Mathematical Programming, 71 (1995), pp. 51-69.

C. CHEN AND O. L. MANGASARIAN, A class of smoothing functions for nonlinear and mized
complementarity problems, Computational Optimization and Applications, 5 (1996), pp. 97—
138.

J.-S. CHEN, Alternative proofs for some results of vector-valued functions associated with
second-order cone, report, Mathematics Department, National Taiwan Normal University,
Taiwan, 2004.

J.-S. CHEN, X. CHEN, AND P. TSENG, Analysis of nonsmooth vector-valued functions as-
sociated with second-order cones, Mathematical Programming, 101 (2004), pp. 95-117.

X. CHEN, Smoothing methods for complementarity problems and their applications: A survey,
Journal of the Operations Research Society of Japan, 43 (2000), pp. 32-47.

X. CHEN, L. Q1, AND D. SuN, Global and superlinear convergence of the smoothing Newton
method and its application to general box constrained variational inequalities, Mathematics
of Computation, 67 (1998), pp. 519-540.

X. CHEN AND Y. YE, On homotopy-smoothing methods for boz-constrained variational in-
equalities, STAM Journal on Control and Optimization, 37 (1999), pp. 589-616.

X. D. CHEN, D. SuN, AND J. SUN, Complementarity functions and numerical experiments
for second-order-cone complementarity problems, Computational Optimization and Applica-

tions, 25 (2003), pp. 39-56.
F. H. CLARKE, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.

M. CoeLHO, L. FERNANDES, J. JUDICE, AND J. PATRICIO, On the solution of a spatial
equilibrium problem, Investigacao Operacional, 13 (1993), pp. 119-134.

A. R. ConnN, N. I. M. GouLD, AND P. L. TOINT, Trust-Region Methods, Society for
Industrial and Applied Mathematics, Philadelphia, 2000.

R. W. CorTLE AND G. B. DaNTzZIG, Complementarity pivot theory of mathematical pro-
gramming, Linear Algebra and Its Applications, 1 (1968), pp. 103-125.

R. W. CorTLE, J.-S. PANG, AND R. E. STONE, The Linear Complementarity Problem,
Academic Press, San Diego, 1992.

J.-P. CROUZEIX, Pseudomonotone variational inequality problems: Existence of solutions,
Mathematical Programming, 78 (1997), pp. 305-314.

H. DAN, N. YAMASHITA, AND M. FUKUSHIMA, A superlinearly convergent algorithm for the

monotone nonlinear complementarity problem without uniqueness and nondegeneracy condi-
tions, Mathematics of Operations Research, 27 (2002), pp. 743-753.



BIBLIOGRAPHY 97

[27]

[28]

[29]

[34]

[35]

[36]

G. B. DanTzIG AND R. W. COTTLE, Positive (semi-definite) matrices and mathematical
programming, Report ORC 63-18 (RR)13, University of California, May 1963.

E. DE KLERK, Aspects of Semidefinite Programming: Interior Point Algorithms and Selected
Applications, vol. 65 of Applied Optimization Series, Kluwer Academic Publishers, Dordrecht,
2002.

R. DE LEONE AND O. L. MANGASARIAN, Asynchronous parallel successive overrelazation

for the symmetric linear complementarity problem, Mathematical Programming, 42 (1988),
pp. 347-361.

A. L. DONTCHEV AND T. ZoOLEzZ1, Well-Posed Optimization Problems, Lecture Notes in
Mathematics 1543, Springer-Verlag, Berlin, 1993.

L. EL GHAOUI AND H. LEBRET, Robust solutions to least-squares problem with uncertain
data, STAM Journal on Matrix Analysis and Applications, 18 (1997), pp. 1035-1064.

F. FaccHINEI AND C. KANZOW, Beyond monotonicity in regularization methods for non-
linear complementarity problems, SIAM Journal on Control and Optimization, 37 (1999),
pp- 1150-1161.

F. FACCHINEI AND J.-S. PANG, Finite-Dimensional Variational Inequalities and Comple-
mentarity Problems, Springer-Verlag, New York, 2003.

J. FARAUT AND A. KORANYI, Analysis on Symmetric Cones, Clarendon Press, New York,
1994.

M. C. FERRIS AND J.-S. PANG, Engineering and economic applications of complementarity
problems, SIAM Review, 39 (1997), pp. 669-713.

A. FISCHER, A special Newton-type optimization method, Optimization, 24 (1992), pp. 269—
284.

A. FISCHER, An NCP-function and its use for the solution of complementarity problems, in
Recent Advances in Nonsmooth Optimization, D. Du, L. Qi, and R. Womersley, eds., World
Scientific, River Edge, NJ, 1995, pp. 88-105.

D. FUDENBERG AND J. TIROLE, Game Theory, MIT Press, Cambridge, MA, 1991.

M. FUKUSHIMA, Equivalent differentiable optimization problems and descent methods for
asymmetric variational inequality problems, Mathematical Programming, 53 (1992), pp. 99—
110.

M. FUKUSHIMA, Merit functions for variational inequality and complementarity problems, in
Nonlinear Optimization and Applications, G. Di Pillo and F. Giannessi, eds., Plenum Press,
1996, pp. 155-170.



98

BIBLIOGRAPHY

[41]

[50]

[51]

M. FUKUSHIMA, The primal Douglas-Rachford splitting algorithm for a class of monotone
mappings with application to the traffic equilibrium problem, Mathematical Programming, 72
(1996), pp. 1-15.

M. FukusHIMA AND T. ITOH, A dual approach to asymmetric traffic equilibrium problems,
Mathematica Japonica, 32 (1987), pp. 701-721.

M. FUKUSHIMA, Z.-Q. Luo, AND P. TSENG, Smoothing functions for second-order cone
complementarity problems, STAM Journal on Optimization, 12 (2001), pp. 436—460.

D. C. Gazis, Traffic Theory, Kluwer Academic Publishers, Boston, 2002.

R. GIBBONS, Game Theory for Applied Economists, Princeton University Press, Princeton,
NJ, 1992.

G. H. GoLuB AND J. M. ORTEGA, Scientific Computing: An Introduction with Parallel
Computing, Academic Press, San Diego, 1993.

G. H. GoLuB AND C. F. VAN LoAN, Matriz Computations, The Johns Hopkins University
Press, Baltimore, 1996.

M. S. GOwDA, On the continuity of solution map in linear complementarity problems, STAM
Journal on Optimization, 2 (1992), pp. 619-634.

M. S. GOwDA AND Y. SONG, On semidefinite linear complementarity problems, 88 (2000),
pp. 575-587.

M. S. GOwWDA AND Y. SONG, Some new results for the semidefinite linear complementarity
problem, SIAM Journal on Matrix Analysis and Applications, 24 (2002), pp. 25-39.

A. HADJIDIMOS, Accelerated overrelazation method, Mathematics of Computation, 32 (1978),
pp. 149-157.

P. T. HARKER AND J.-S. PANG, Finite-dimensional variational inequality and nonlinear

complementarity problems: A survey of theory, algorithms and applications, Mathematical
Programming, 48 (1990), pp. 161-220.

J. C. HARSANYI, Games with incomplete information played by “Bayesian” players. Part I,
Management Science, 14 (1967), pp. 159-182.

J. C. HARSANYI, Games with incomplete information played by “Bayesian” players. Part II,
Management Science, 14 (1968), pp. 320-334.

J. C. HARSANYI, Games with incomplete information played by “Bayesian” players. Part
III, Management Science, 14 (1968), pp. 486-502.



BIBLIOGRAPHY 99

[56]

[61]

[62]

[63]

[64]

[65]

[67]

[68]

[69]

S. Havasui, T. YAMAGUCHI, N. YAMASHITA, AND M. FUKUSHIMA, A matriz splitting

method for symmetric affine second-order cone complementarity problems, Journal of Com-

putational and Applied Mathematics, 175 (2005), pp. 335-353.

S. HAavAsHI, N. YAMASHITA, AND M. FUKUSHIMA, A combined smoothing and requlariza-
tion method for monotone second-order cone complementarity problems, STAM Journal on

Optimization, to appear.

S. HavasHi, N. YAMASHITA, AND M. FUKUSHIMA, Robust Nash equilibria and second-order

cone complementarity problems, Journal of Nonlinear and Convex Analysis, to appear.

R. A. HoOrN AND C. R. JOHNSON, Matriz Analysis, Cambridge University Press, Cambridge,
1985.

R. A. HOrN AND C. R. JOHNSON, Topics in Matriz Analysis, Cambridge University Press,
Cambridge, 1991.

Z. Huang, L. Q1, AND D. SuUN, Sub-quadratic convergence of a smoothing Newton algorithm
for the Py— and monotone LCP, Mathematical Programming, 99 (2004), pp. 423-441.

T. IToH, M. FUKUSHIMA, AND T. IBARAKI, An iterative method for variational inequalities
with application to traffic equilibrium problems, Journal of the Operations Research Society
of Japan, 31 (1988), pp. 82-103.

A. N. TusEM, On the convergence of iterative methods for symmetric linear complementarity

problems, Mathematical Programming, 59 (1993), pp. 33-48.

H. JiaANG AND L. QI1, A new nonsmooth equations approach to monlinear complementarity
problems, STAM Journal on Optimization, 35 (1997), pp. 178-193.

A. KAJII AND S. MORRIS, The robustness of equilibria to incomplete information, Econo-
metrica, 65 (1997), pp. 1283-1309.

Y. Kanno, J. A. C. MARTINS, AND A. PINTO DA CoSTA, Three-dimensional quasi-
static frictional contact by using second-order cone linear complementarity problem, BGE
Research Report 04-01, Department of Urban and Environmental Engineering, Kyoto Uni-
versity, February 2004.

C. KaNzow, Some noninterior continuation methods for linear complementarity problems,
STAM Journal on Matrix Analysis and Applications, 17 (1996), pp. 851-868.

C. KANZOW AND M. FUKUSHIMA, Solving box constrained variational inequalities by using
the natural residual with D-gap function globalization, Operations Research Letters, 23 (1998),
pp. 45-51.

C. KANzow AND H. PIEPER, Jacobian smoothing methods for general complementarity prob-
lems, SIAM Journal on Optimization, 9 (1999), pp. 342-373.



100

BIBLIOGRAPHY

[70]

[71]

[72]

[73]

[79]

[81]

[82]

[83]

M. KoJimaA, N. MEGIDDO, AND T. NOMA, Homotopy continuation methods for nonlinear
complementarity problems, Mathematics of Operations Research, 16 (1991), pp. 754-774.

M. KoJiMa, M. SHIDA, AND S. SHINDOH, A predictor-corrector interior-point algorithm for
the semidefinite linear complementarity problem using the Alizadeh-Haeberly-Overton search
direction, SIAM Journal on Optimization, 9 (1999), pp. 444-465.

H. J. KUSHNER, Heavy Traffic Analysis of Controlled Queueing and Communication Net-
works, Springer, New York, 2001.

C. E. LEMKE, Bimatrixz equilibrium points and mathematical programming, Management
Science, 11 (1965), pp. 681-689.

C. E. LEMKE AND J. HOWSON, Fquilibrium points of bimatriz games, STAM Journal on
Applied Mathematics, 12 (1964), pp. 413-423.

D. Lt AND M. FUKUSHIMA, Smoothing Newton and quasi-Newton methods for mized comple-
mentarity problems, Computational Optimization and Applications, 17 (2000), pp. 203-230.

M. S. LoBO, L. VANDENBERGHE, S. BoYD, AND H. LEBRET, Applications of second-order
cone programming, Linear Algebra and Its Applications, 284 (1998), pp. 193-228.

7Z.-Q. Luo AND P. TSENG, Error bound and convergence analysis of matrix splitting algo-
rithms for the affine variational inequality problem, STAM Journal on Optimization, 2 (1992),
pp- 43-54.

N. MAcHIDA, M. FUKUSHIMA, AND T. IBARAKI, A multisplitting method for symmetric

linear complementarity problems, Journal of Computational and Applied Mathematics, 62
(1995), pp. 217-227.

O. L. MANGASARIAN AND R. DE LEONE, Parallel successive overrelazation methods for sym-
metric linear complementarity problems, Journal of Optimization Theory and Applications,
54 (1987), pp. 437-446.

R. MIFFLIN, Semismooth and semiconver functions in constrained optimization, STAM Jour-
nal on Control and Optimization, 15 (1977), pp. 959-972.

D. MONDERER AND L. S. SHAPLEY, Potential games, Games and Economic Behavior, 14
(1996), pp. 124-143.

R. D. C. MONTEIRO AND T. TSUCHIYA, Polynomial convergence of primal-dual algorithms
for the second-order cone program based on the MZ-family of directions, Mathematical Pro-
gramming, 88 (2000), pp. 61-83.

S. MORRIS, Potential methods in interaction games, working paper, Yale University, 1999.



BIBLIOGRAPHY 101

[84]

[85]

[95]

[96]

[97]

[98]

S. MorRris AND T. Ul, Generalized potentials and robust sets of equilibria, Journal of Eco-

nomic Theory, to appear.

M. MURAMATSU AND T. SUzUKI, A new second-order cone programming relazation for
MAX-CUT problems, Journal of the Operations Research Society of Japan, 46 (2003),
pp. 164-177.

G. S. R. MuRTHY, T. PARTHASARATHY, AND B. SRIPARNA, Some recent results on the
linear complementarity problem, 19 (1998), pp. 898-905.

K. G. Murry, Linear Complementarity, Linear and Nonlinear Programming, Heldermann
Verlag, Berlin, 1988.

R. B. MYERSON, Game Theory: Analysis of Conflict, Harvard University Press, Cambridge,
MA, 1991.

M. J. OSBORNE AND A. RUBINSTEIN, A Course in Game Theory, MIT Press, Cambridge,
MA, 1994.

R. S. PavLais anND C.-L. TERNG, Critical Point Theory and Submanifold Geometry, Lecture
Notes in Mathematics 1353, Springer-Verlag, Berlin, 1988.

J.-S. PANG AND D. RALPH, Piecewise smoothness, local invertibility, and parametric analysis
of normal maps, Mathematics of Operations Research, 21 (1996), pp. 401-426.

J.-S. PANG, D. SuN, AND J. SUN, Semismooth homeomorphisms and strong stability of
semidefinite and lorentz cone complementarity problems, Mathematics of Operations Re-
search, 28 (2003), pp. 39-63.

J. M. PENG AND M. FUKUSHIMA, A hybrid Newton method for solving the wvariational
inequality problem via the D-gap function, Mathematical Programming, 86 (1999), pp. 367—
386.

L. PORTUGAL AND J. JUDICE, A hybrid algorithm for the solution of a single commodity
spatial equilibrium model, Computers and Operations Research, 23 (1996), pp. 623—-639.

H.-D. Qr1, A regularized smoothing Newton method for box constrained variational inequality
problems with Py-functions, SIAM Journal on Optimization, 10 (1999), pp. 315-330.

L. Q1, Convergence analysis of some algorithms for solving nonsmooth equations, Mathemat-
ics of Operations Research, 18 (1993), pp. 227-244.

L. Q1 AND X. CHEN, A globally convergent successive approrimation method for severely
nonsmooth equations, STAM Journal on Control and Optimization, 33 (1995), pp. 402-418.

L. Q1 AND D. SuN, A nonsmooth version of Newton’s method, Mathematical Programming,
58 (1993), pp. 353-367.



102

BIBLIOGRAPHY

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

L. Q1 AND D. SuN, A survey of some nonsmooth equations and smoothing Newton methods,
in Progress in Optimization: Contributions from Australasia, A. Eberhard, B. Glover, R. Hill,
and D. Ralph, eds., Kluwer Academic Publisher, Boston, 1999, pp. 121-146.

L. Q1 AND D. SuN, Nonsmooth and smoothing methods for nonlinear complementary prob-
lems and variational inequalities, in Encyclopedia of Optimization, C. A. Floudas and P. M.
Pardalos, eds., vol. 4, Kluwer Academic Publisher, Nowell, MA, 2001, pp. 100-104.

L. Q1 AND D. SUN, Smoothing functions and a smoothing Newton method for complemen-
tarity and variational inequality problems, Journal of Optimization Theory and Applications,
113 (2002), pp. 121-147.

L. Q1, D. Sun, AND G. ZHOU, A new look at smoothing Newton methods for nonlinear

complementarity problems and box constrained variational inequalities, Mathematical Pro-
gramming, 87 (2000), pp. 1-35.

A. SHAPIRO, On a class of nonsmooth composite functions, Mathematics of Operations Re-
search, 28 (2003), pp. 677-692.

M. SHIBATA, N. YAMASHITA, AND M. FUKUSHIMA, The extended semidefinite linear com-

plementarity problem: A reformulation approach, in Nonlinear Analysis and Convex Analysis,

W. Takahashi and T. Tanaka, eds., World Scientific, Singapore, 1999, pp. 326-332.

D. SuN, A regularization Newton method for solving monlinear complementarity problems,
Applied Mathematics and Optimization, 40 (1999), pp. 315-339.

D. Sun aND L. Q1, On NCP-functions, Computational Optimization and Applications, 13
(1999), pp. 201-220.

K. Taji AND M. FUKUSHIMA, A new merit function and a successive quadratic program-
ming algorithm for variational inequality problems, SIAM Journal on Optimization, 6 (1996),
pp. 704-713.

M. J. Topb, Semidefinite optimization, Acta Numerica, 10 (2001), pp. 515-560.

K. C. Ton, R. H. TUTUNCU, AND M. J. TODD, SDPT3 version 3.02 — a matlab software for
semidefinite-quadratic-linear programming, updated in December 2002. http://www.math.
nus.edu.sg/ mattohkc/sdpt3.html.

P. TSENG, Growth behavior of a class of merit functions for the nonlinear complementarity

problem, Journal of Optimization Theory and Applications, 89 (1996), pp. 69-94.

P. TSENG, An infeasible path-following method for monotone complementarity problems,
SIAM Journal on Optimization, 7 (1997), pp. 386—402.



BIBLIOGRAPHY 103

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

T. TsucHIYA, A convergence analysis of the scaling-invariant primal-dual path-following
algorithms for second-order cone programming, Optimization Methods and Software, 11&12
(1999), pp. 141-182.

R. H. TUTUNCU, K. C. ToH, AND M. J. ToDD, Solving semidefinite-quadratic-linear pro-
grams using SDPT3, Mathematical Programming, 95 (2003), pp. 189-217.

T. Ul, Robust equilibria of potential games, Econometrica, 69 (2001), pp. 1373-1380.

L. VANDENBERGHE AND S. BOYD, A primal-dual potential reduction method for problems
involving matriz inequalities, Mathematical Programming, 69 (1995), pp. 205-236.

L. VANDENBERGHE AND S. BOYD, Semidefinite programming, SIAM Review, 38 (1996),
pp- 49-95.

H. WorLkowicz, R. SAIGAL, AND L. VANDENBERGHE, eds., Handbook of Semidefinite Pro-
gramming: Theory, Algorithms and Applications, Kluwer Academic Publishers, 2000.

N. YAMASHITA AND M. FUKUSHIMA, On stationary points of the implicit Lagrangian for

nonlinear complementarity problems, Journal of Optimization Theory and Applications, 84

(1995), pp. 653-663.

N. YAMASHITA AND M. FUKUSHIMA, Modified Newton methods for solving a semismooth re-

formulation of monotone complementarity problems, Mathematical Programming, 76 (1997),
pp- 469-491.

N. YAMASHITA AND M. FUKUSHIMA, A new merit function and a descent method for semidef-
inite complementarity problems, in Reformulation: Nonsmooth, Piecewise Smooth, Semis-
mooth and Smoothing Methods, M. Fukushima and L. Qi, eds., Kluwer Academic Publishers
B.V., 1998, pp. 405-420.

N. YAMASHITA AND M. FUKUSHIMA, On the level-boundedness of the natural residual func-
tion for variational inequality problems, Tech. Rep. 2002-005, Department of Applied Math-
ematics and Physics, Kyoto University, March 2002.

N. YAMASHITA AND Z.-Q. Luo, A nonlinear complementarity approach to multiuser power
control for digital subscriber lines, Optimization Methods and Software, 19 (2004), pp. 633~
652.

J. P. ZEnGg, D. H. L1, AND M. FUKUSHIMA, Weighted maz-norm estimate of additive

Schwarz iteration scheme for solving linear complementarity problems, Journal of Computa-
tional and Applied Mathematics, 131 (2001), pp. 1-14.



